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Abstract. We suggest an interpretation of mirror symmetry for toric varieties via 
an equivalence of two conformal field theories. The first theory is the twisted sigma 
model of a toric variety in the infinite volume limit (the A-model) . The second theory 
is an intermediate model, which we call the I-model. The equivalence between the 
A-model and the I-model is achieved by realizing the former as a deformation of 
a linear sigma model with a complex torus as the target and then applying to it a 
version of the T-duality. On the other hand, the I-model is closely related to the 
twisted Landau-Ginzburg model (the B-model) that is mirror dual to the A-model. 
Thus, the mirror symmetry is realized in two steps, via the I-model. In particular, we 
obtain a natural interpretation of the superpotential of the Landau-Ginzburg model 
as the sum of terms corresponding to the components of a divisor in the toric variety. 
We also relate the cohomology of the supercharges of the I-model to the chiral de 
Rham complex and the quantum cohomology of the underlying toric variety. 



Introduction 

Two-dimensional supersymmetric sigma models have attracted a lot of attention in 
recent years. These models are rich enough to display many important and non-trivial 
physical phenomena, understanding which may help us gain insights into more difficult 
models, such as the four-dimensional gauge theories. One of the most interesting phe- 
nomena is mirror symmetry which is a duality between a type A twisted sigma model 
and a type B twisted topological theory, such as a Landau-Ginzburg model (see, e.g., 
|18j). The advent of mirror symmetry has led to spectacular conjectures and results in 
mathematics, bringing together such diverse topics as enumerative algebraic geometry, 
Gromov-Witten invariants, Floer cohomology, soliton equations and singularity theory 
(see the book ^5] and references therein). 

In this paper we suggest an interpretation of mirror symmetry for toric varieties. We 
show that there is a certain conformal field theory (the "I-model" ) that is intermediate 
between the type A twisted sigma model and the type B twisted Landau-Ginzburg 
model. On the one hand, this model is equivalent to the sigma model of a toric variety 
in the infinite volume limit, considered as a conformal field theory, and on the other 
hand its BPS sector is closely related to the BPS sector of the corresponding Landau- 
Ginzburg model. Let us describe this correspondence in more detail. 
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Sigma model in the infinite volume. Consider the type A twisted N = (2, 2) 
supersymmetric sigma model with a target Kahler manifold M. This model is believed 
to define a superconformal quantum field theory if the Kahler metric is Ricci flat, i.e., 
if M is a Calabi-Yau manifold. However, we will argue in this paper that a suitable 
infinite volume limit of the twisted sigma model defines a conformal field theory for 
more general target manifolds. 

This infinite volume limit is defined at the classical level by passing to a suitable "first 
order formalism" Lagrangian, which has previously been considered in the literature in 
|29( f3| 16] and more recently in (JUJOj. Rescaling the Kahler metric by a parameter t, 
we find that the first order Lagrangian has a well-defined limit even as t —* oo. In this 
limit we obtain a conformally invariant Lagrangian, which describes what is natural to 
call the infinite volume limit of the twisted sigma model (see Section fl.il for details). 

Quantization of a first order Lagrangian could be non-trivial and even problematic 
in some cases. However, in the twisted N = (2, 2) supersymmeric theory that we are 
considering it is expected that all potential anomalies cancel out and the theory remains 
conformally invariant at the quantum level as well. Moreover, the corresponding path 
integral over all maps $ : E — » M, where E is a Riemann surface (the worldsheet), 
has a nice geometric interpretation as the delta-form supported on the subspace of 
holomorphic maps <3? : E —* M. When we deform the Lagrangian back to the finite 
volume, i.e., to finite values of t, we obtain what looks like a "smoothening" of this 
delta-form, or, more precisely, the Mathai-Quillen representative of the Euler class of an 
appropriate vector bundle over the space of maps, see Hence it is natural to think 
that in the infinite volume limit the path integral localizes on the holomorphic maps, 
i.e., it can be represented as a sum of integrals over the finite-dimensional moduli spaces 
of holomorphic maps of different degrees (see Section H. 2 j) . This is what one expects in 
the type A twisted sigma model in the infinite volume limit as explained by E. Witten 
in [SOI EH- 

We wish to view the model in the infinite volume first and foremost as a topological 
conformal field theory. In particular, it should come with a Hilbert space combining 
chiral and anti-chiral states, and a state-field correspondence. Correlation functions 
should be defined for any Riemann surface E with marked points x±, . . . ,x n (and pos- 
sibly germs of local coordinates at those points), and a collection of local operators 
inserted at those points. These correlation functions may be viewed as differential 
forms on the moduli space M Si „ of pointed curves (E, (x{)) (see Section fO]) . 

Part of this structure is captured by the Gromov- Witten invariants, which appear 
as integrals of the differential forms corresponding to particular observables over a 
compactification of M 5>n (see Section fOl for more details). 

Another ingredient of this conformal field theory is a sheaf of chiral algebras over 
M, called the chiral de Rham complex, introduced in |26| . It is defined by gluing free 
chiral algebras on the overlaps of open subsets of M isomorphic to C n . From the point 
of view of the twisted sigma model, this chiral algebra corresponds to the cohomology 
of the right moving supercharge in the perturbative regime, i.e., without counting the 
instanton contributions, as explained in |341 12U| . In order to understand the correlation 
functions of the sigma model and in particular to include the instanton corrections, it is 
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necessary to go beyond the chiral algebra and consider the full conformal field theory. 
This is one of the goals of the present paper. 

Non-linear sigma models as deformations of free field theories. There is one 
case when the sigma model can certainly be defined as a conformal field theory, and 
this is the case of the target manifolds with a flat metric, such as a flat space C n or a 
torus (for a detailed treatment of the latter, see [23 )■ We will consider in Section [2] the 
intermediate case of the sigma model in the infinite volume with the target manifold a 
complex torus (C x ) n , which we call the toric sigma model. This is a free conformal field 
theory, but we will show that it exhibits some non-trivial effects, such as the appearance 
of holomorphic analogues of vortex operators, which we call holomortex operators. 

We will then define in Sections El and 0] the conformal field theory governing a non- 
linear sigma model of a toric variety in the infinite volume as a deformation, in the sense 
of A. Zamolodchikov 35 , of the toric sigma model, by some explicitly written exactly 
marginal operators. By its very definition, this deformed conformal field theory will 
include the instanton effects corresponding to holomorphic maps of non-zero degree. 

To illustrate our main idea, it is instructive to look at the case of the sigma model with 
the target P 1 in the infinite volume limit, obtained by quantization of the corresponding 
first order Lagrangian. We wish to obtain it as a deformation of the toric sigma model 
with the target C x which we realize as the quotient C/27riZ. This is a free conformal 
field theory with the basic chiral fields X(z),p(z), ^p(z), ir(z), and their anti-chiral 
partners with the action 



The field X(z) corresponds to a linear coordinate on C/27riZ, and so is defined modulo 



As discussed above, the correlation functions of this model are given by integrals over 
the space of holomorphic maps S — > C x . For compact S, all such maps are necessarily 
constant. Therefore the correlation functions reduce to integrals over the zero mode 
(i.e., over the image of the constant map <£ : S — > C x ), as expected in a free field 
theory. 

How can we interpret holomorphic maps £ — > P 1 within the framework of this free 
field theory? Such maps may be viewed as holomorphic maps 

with logarithmic singularities at some points , . . . ,w N , where this map behaves as 
±log(z — w i ). These singular points correspond to zeroes and poles of exp<l>, and 
generically they will be distinct. Our proposal is that we can create these singularities 
of <I> by inserting in the correlation function of the linear sigma model certain vertex 
operators ^±(wf). 

The defining property of the operators *$>±(w) (up to a scalar) is that their operator 
product expansion (OPE) with X{z) should read 



(0.1) 




2mZ. 



(0.2) 




1 



EDWARD FRENKEL AND ANDREI LOSEV 



Given such operators, we can write a given function (in the case of S of genus zero) 

n n 

$(z) = c + logo - wf ) - ^2 l °s( z - w i) 

1=1 8=1 

as the correlator 

n n 

$(z) = (X(z) [] [] vj/_( w -)5 2 (X(oo) - c)^(oo)^(oo)) 

i=l i=i 

(the term involving the delta-function and the fermions will give, upon the integration 
over the zero modes of X and tjj, the normalization condition $(oo) = c). Thus, we 
can create all instantons of the P 1 sigma model, that is holomorphic maps £ — > P 1 , as 
correlation functions in the toric sigma model of the above form (the case of S of genus 
greater than zero will be discussed in Section IXT|) . 
The property (|fl.2j) is satisfied by the following fields 

ty±(w,w) = exp I =Fi / (p(z)dz +p(z)dz) 

V J Wo 

which are examples of the holomortex operators mentioned above. Including these 
operators in the correlation functions and allowing the points wf to vary over £ is 
equivalent to deforming the action (|U.lj) with the term 

1/2 f /^(2) + ^(2) 



q 

(2) 

where are the cohomological descendants 

(2) 

ty± = ty±(w,w)n(w)n(w)dwdw. 

The resulting deformed theory appears to be equivalent to the sigma model with the 
target P 1 in the infinite volume limit (in the sense explained in Section |3J) . By con- 
struction, the part of a correlation function of this deformed theory that corresponds 
to degree n maps S — > P 1 will appear with the overall factor q n . 

More generally, suppose that we are given a smooth compact Kahler manifold M with 
an open dense submanifold Mq with a linear structure. The complement C = M\Mq is 
a compactification divisor, which is a union of irreducible components C\, . . . , Cm- The 
linear sigma model corresponding to Mq is a free superconformal field theory, and we 
wish to describe the non-linear model with the target M in terms of this theory. Let us 
observe that a generic holomorphic map $ : S — * M will take values in C at a finite set 
of points xi, . . . ,x n , and generically we will have $(xj) G Cfe. and &(xj) Ci,l / kj. To 
account for such maps we need to insert some vertex operators corresponding to the 
compactification divisors Cfe. at the points Xj,j = l,...,n. It is then natural to expect 
that the non-linear sigma model with the target M in the infinite volume limit can be 
described as the deformation of the free field theory corresponding to the target Mq by 

(2) (2) 

means of the operators ^ k ,k = 1,...,N, where ^ k is the (1, l)-form counterpart of 
obtained via the cohomological descent. To solve the theory we therefore need to 
identify explicitly the suitable vertex operators ^fc, k = 1, . . . , n, corresponding to the 
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compactification divisors. In general, they may be highly non-local and given by very 
complicated formulas. 

While finding these operators may seem like a daunting task in general, it turns out 
that in the case when the target is a toric variety, they can be written down quite 
explicitly. Such a variety M comes with a natural open dense subset Mq isomorphic 
to (C x ) n and the compactification divisors are naturally parameterized by the one- 
dimensional cones in the fan defining M. We construct explicitly the vertex operators 
corresponding to these compactification divisors in Section 0J These operators may 
be viewed as holomorphic counterparts of the vortex operators familiar from the free 
bosonic theory compactified on a torus. We will argue that the deformation of the 
action by these operators changes the topology of the target manifold and deforms a 
free field theory to a non-linear sigma model with the target M. 

As in the case of P 1 , we expect that the sigma model with the target M, which 
is a smooth compact Fano toric variety, is equivalent to a deformation of the free 
field theory with the target (C x ) n by the holomortex operators corresponding to the 
irreducible components of the compactification divisor. 

As a consistency check, we compute in Section l5.4l the cohomology of the right moving 
supercharge in our deformed theory, making a connection to the results of L. Borisov [I] 
and F. Malikov-V. Schechtman In particular, we show that in the case of M = P™ 
this cohomology is equal to the quantum cohomology of P n . On the other hand, in a 
certain limit we obtain the cohomology of the chiral de Rham complex of M. This is 
consistent with the assertion of |34U2(J| that the chiral de Rham complex should appear 
as the cohomology of the right moving supercharge of the type A twisted sigma model 
in the perturbative regime. 

I— model and mirror symmetry. Next, we consider the question as to what is the 
meaning of mirror symmetry from the point of view of our description of the sigma 
model of a toric variety as a deformation of a free field theory. The first step in 
answering this question is to perform a kind of T-duality transform of the free field 
theory with the target (C x ) n . 

In the case of P , before the deformation, we have the free field theory with the 
target C x . The dual of this theory turns out to be the ordinary sigma model with the 
target being the cylinder RxS 1 equipped with the metric of Minkowski signature. Let 
R and U be the coordinates on E and S 1 = R/2-7T, respectively. Under the T-duality 
the local fields p and X become more complicated, but the complicated fields, like the 
holomortex operators, become simple. In fact, we have the following transformation: 

pdz + pdz = dU, 

and so the holomortex operators turn out to be simply the exponential fields e^ tU . 
The field R coincides with the field \{X + X) of the original theory. Therefore e R 
coincides with the field \e x |, the absolute value of the holomorphic coordinate on P 1 
compactifying the target C x . The action of the deformed dual theory reads 



(0.3) — I d 2 z (d^UdgR + dsUdgR + irdgiff + Wd^ + q 1/2 [ (e iU + e~ iU )^d 2 z. 
2vr J s Jy; 
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Thus, the correlation functions of the observables of this theory that depend only 
on the field R realize the corresponding correlation functions of the twisted sigma 
model, namely, those that depend only on \e x \. But while the correlation functions 
of the twisted sigma model appear as sums over the instanton contributions, the dual 
description gives us their non-perturbative realization! 

Let us compare the action (|0.3j) to the action of the Landau-Ginzburg model with 
the target C and the Landau-Ginzburg superpotential 

W = qV\e iY + e- iY ), 

where Y is a chiral super field: 

(0.4) J d 2 z (d z ipdzTp + dz(pd z lp + ix+ckx+ + iX-dzX-) 

is 

We observe that the two actions look similar: if we "analytically continue" the theory 
with the action 1)0.3)1 . allowing the fields U and R to become complex- valued fields <p 
and Tp, which are complex conjugate to each other, and rename the fermions as follows: 

tt^x-, 7f^x+, V"->-x-> V"-*-x+, 

then the action 1)0.3)1 becomes the action (|().4|) . This means that the correlation func- 
tions in the two theories should be related by a kind of analytic continuation. However, 
we wish to stress the models with the actions 1)0.3)1 and 1)0.4)1 are different. For example, 
in the model (j0.3)l the field U is real periodic, and R is real non-periodic, while in the 
model 1)0.4)1 the fields <p and Tp are complex (conjugate to each other) and both periodic. 

It is instructive to compare the supersymmetry charges in the above models. For 
simplicity we consider the case when q = 0. In the original A-model with the action 
1)0.1)1 the supercharge is 

J (ippdz + tppdz). 

This is a de Rham type supercharge, because under its action X t— >• ip, X i— * ip. In the 
T-dual theory with the action l)U.3)l (with q = 0) the supercharge becomes 

J (iidzUdz + ^dzUdz). 

Under the "analytic continuation" that we discussed above, it becomes the supercharge 
of the type B twisted Landau-Ginzburg model with the action ()0.4)1 (with q = 0): 

J (X-dz^dz + x + c\tpdz). 

This is now a Dolbeault type supercharge, because under its action ip \— * 0,lp i— > 
Thus, the T-duality indeed transforms a de Rham type supercharge of the A-model to 
a Dolbeault type supercharge of the B-model, as expected in mirror symmetry. Note 
that the interpretation of the fermionic fields is very different in the two theories, and 
this underscores the highly non-local nature of the mirror symmetry. 
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Traditionally the Landau-Ginzburg model is denned by adding to the action of the 
supersymmetric linear sigma model the term J d 2 zd 2 6W(Y) + f d 2 zd 2 9 W(Y). Usually, 
one chooses W(Y) to be complex conjugate of W(Y). But in a type B twisted Landau- 
Ginzburg model there is an essential difference between the first and the second terms: 
while the integrand in the first one is a (1, l)-form, the integrand in the second is a 
(0, 0)-form, and hence to integrate it one needs to pick a metric on the worldsheet. 
This breaks conformal invariance. That is why in the action 1)0.4)) we have set W = 0, 
for otherwise the theory would not be conformally invariant. 

The Landau-Ginzburg model with the (twisted) superpotential W, where W is as 
above, and its complex conjugate W has been considered by K. Hori and C. Vafa ^Hl 
(see also EJ [7) EH ) ■ They showed that its correlation functions in the BPS sector 
are related to those of the twisted sigma model of P 1 , which is the sense in which the 
two theories are mirror dual to each other. Note that W is Q-exact, and the possibility 
of setting W to was mentioned in [22] and ^Hj) Sect. 6. 

The point of our construction is that in addition to the twisted sigma model and the 
Landau-Ginzburg model, which are usually considered in the study of mirror symmetry, 
there is an intermediate model, or the "I-model", described by the action ()0.3|) . This is 
a conformal field theory that has two properties: on the one hand it should be equivalent 
to the type A twisted sigma model with the target P 1 in the infinite volume, which is 
also a conformal field theory. In other words, all correlation functions in the two models 
are equivalent, not just in the BPS sector. On the other hand, the BPS sector of the 
I-model is closely related to the BPS sector of the type B twisted Landau-Ginzburg 
model considered in |18| (see the discussion in Section [3.21 for more details). 

This conclusion leads to a curious observation that the correlation functions of the 
field e R in the I-model (which corresponds to e v in the Landau-Ginzburg model 1)0-4)1 ) 
encode the correlation functions of the field | e x | of the sigma model with the target P 1 . 
Thus, one can actually see the P 1 instantons, and not just the correlation functions of 
the BPS states, in the framework of the I-model (or the Landau-Ginzburg model)! 

We define a similar I-model for an arbitrary toric variety. Then the corresponding 
deformation term in the Lagrangian is equal to the sum Y^,k=i e ~ tUk7T (k)^(k) over the 
components of the compactification divisor of our toric variety. The fields Uk satisfy 
constraints reflecting the structure of the fan defining the toric variety M. For example, 
in the case when M = P n we have N = n + 1, and the fields Uk satisfy the familiar 
constraint rifcii e~ lUk = q. Thus, we immediately recognize that, after the analytic 
continuation, we obtain a term that looks like the Landau-Ginzburg superpotential 
corresponding to P n considered in ^B]- We note that these superpotentials and the 
corresponding oscillating integrals representing correlation functions of the Landau- 
Ginzburg model had previously appeared in the mathematical work of A. Givental )16j 
on mirror symmetry. 

We stress that in our approach the superpotential is generated because of our de- 
scription of the sigma model with the target M (in the infinite volume limit) as a 
deformation of a free field theory, to which we apply the T-duality transform. There- 
fore the superpotential has a transparent geometric meaning. Namely, the summands 
appearing in the superpotential naturally correspond to the irreducible components 
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of the compactification divisor in M. The mirror symmetry can now be viewed as a 
corollary of the equivalence of the L-model and the A-model (sigma model with the 
target M in the infinite volume limit), as conformal field theories. We hope that the 
I-model will help us understand more fully the phenomenon of mirror symmetry. 1 

In the case of P n , the action of the I-model is very similar to the action of the A^-i 
affine Toda field theory, considered as a deformation of a free field theory. However, 
since the I-model is conformally invariant, its structure is actually more reminiscent 
of that of the conformal A n ^\ Toda field theory. We can use the methods familiar 
from the Toda theory to determine the structure of the chiral sector of the I-model. 
We recall that in the case of an A n _\ Toda field theory the chiral algebra of integrals 
of motion is the W n -algebra |B1 El • It appears as the subalgebra of those operators 
of the free field theory which commute with the screening operators, which are the 
residues of the operators deforming the action. Likewise, the W-algebra in the I-model 
associated to a toric variety M consists of the operators that commute with the opera- 
tors f e~ lUk 7T(tydz, k = 1, . . . , n + 1 (which can therefore be viewed as supersymmetric 
analogues of the screening operators), and it is possible to determine it explicitly. In 
doing so, we make a connection to the results of [3J (see also [9lll7[l25]) and show that 
this W-algebra is isomorphic to the algebra of global sections of the chiral de Rham 
complex on M. 

In a follow-up paper we will generalize our results to hypersurfaces in toric varieties, 
and, more generally, to complete intersections in toric varieties. This way we hope to 
obtain a realization of mirror symmetry for such varieties as an equivalence of conformal 
field theories in the sense explained above. 

In a future work we plan to consider an analogue of this construction for the (0, 2) 
supersymmetric sigma models. We believe that in the case when M is a flag manifold 
of a simple Lie group, this theory, when coupled to gauge theory, is closely related to 
the geometric Langlands correspondence. We also plan to apply similar methods to the 
study of four-dimensional supersymmetric Yang-Mills theories. 

The paper is organized as follows. In Section ^ we discuss the sigma model in the 
infinite volume limit, at both classical and quantum levels. We explain how the first 
order Lagrangian (with a B-field term) arises in the infinite volume limit and the 
interpretation of the corresponding path integrals as integrals of differential forms on 
the moduli spaces of holomorphic maps. We then outline our idea of constructing 
non- linear sigma models as deformations of linear ones. We illustrate this idea on the 
example of the deformation of the target manifold from C to P 1 . In Section |21 we 
introduce the toric sigma model, which is the linear sigma model with the target C x in 
the infinite volume. We define the holomortex operators and the T-duality transform. 
We show that the T-dual model of the toric sigma model is the ordinary sigma model 
with the target being the cylinder equipped with a metric of Minkowski signature. In 
Section El we consider a deformation of the toric sigma model to the sigma model with 
the target P . We then define the T-dual theory, which is our I-model. We give a 
sample computation of the correlation functions in the I-model and obtain explicit 



It is instructive to compare our derivation of mirror symmetry to A. Polyakov's model of confine- 
ment in three dimensions |27|. 
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formulas for the supercharges. We generalize these results to the case of an arbitrary 
compact smooth toric variety in Section 0] Finally, we discuss the operator formalism 
of these theories in Section 03 as well as their W-algebras and the cohomologies of the 
super symmetry charges. 
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1. SUPERSYMMETRIC SIGMA MODEL IN THE INFINITE VOLUME LIMIT 

1.1. Lagrangian description. We start by describing the A twisted N = (2,2) su- 
persymmetric sigma model in the formalism of the first order, following 2Qj El IS] - Let E 
be a complex Riemann surface (worldsheet). We denote by z and z the local holomor- 
phic and anti-holomorphic coordinates on E, and by d 2 z = idz A dz the corresponding 
integration measure on E. Let M be a complex Kahler manifold (target) with a fixed 
Kahler metric g a ^. 

We will denote by X a , a = 1, . . . , N = dimM, local holomorphic coordinates on M, 
and by X a = X a their complex conjugates. Given a map : E — > M, we consider 
the pull-backs of X a and X a as functions on E, denoted by the same symbols. We 
also have fermionic fields ip a and ip a ,a = 1, . . . , N, which are sections of $*(T 1,0 M) 
and <£*(T 0,1 M), respectively. The Levi-Civita connection on TM corresponding to the 
metric g a ^ induces a connection on $*(TM). The corresponding covariant derivatives 
have the form 

D-r = <h^ + (hX h ■ T a bc ^ c , 

D z r = d z r+d z x l -ryf, 

where T£ c = g ab d b g cl . 

Next, we introduce auxiliary fields p a which will play the role of the "Lagrange 
multipliers" corresponding to the equations dzX a = 0, and their complex conjugates 
Pa- Their fermionic super-partners will be denoted by 7r a and TTa- These are sections of 
^(n^M) ® O^E and $*(J7°' 1 M) ® ft^E, respectively. 

We write down the action for these fields following 29 (formula (2.14)): 

(1.1) h = J d 2 z (ip a &zX a + ipad z X°- + m a B-i) a + i^D^ 

- t^R^^TT^^ + t-'g^PaPj) , 
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where t is a parameter (the "radius"). The equations of motion for p a ,Pa are as follows: 

(1-2) Pa = -it 9aE d z X\ 

Pa = -itga b dzX b . 

Remark 1.1. Formulas (jl.2|) seem to indicate that the complex conjugate of p a is equal 
to — p a , which is misleading. In fact, the substitution (jl.2j) is formal and only makes 
sense under the path integral. It corresponds to completing the action to a square and 
integrating out the variables p a and p a . □ 

Substituting these formulas back into (|1.1|) . we obtain the action 



1 



2vr 



E 



It = ;f- / d A z ( tgrt\X a d z X b + m a D^ a + ™*D z ^ a - t~ l R ab -^a^^ 



This is the action of the A-twisted A = (2, 2) supersymmetric sigma model with the 
target M and the B-field —j^o->, where u> = ^g a jdX a A dX b is the Kahler form on M, 
introduced in [291 I31| . The corresponding metric on M is tg a ^. Thus, the action (|1.1|) 
describes this model. In the infinite volume limit t — ► oo the action (|1.1|) becomes 

(1.3) loo = ^ J d 2 z { Pa c\X a + pad z X* + 7T a D z ^ a + ir&D z -f) . 

This action is conformally invariant, and it has two supersymmetries: one is mapping 

X a v a , V> a 0, 

and the other does the same to their complex conjugates. 

1.2. The path integral. The action Q1.3|) describes a conformal field theory governing 
the infinite volume limit of the A-twisted sigma model. We wish to understand the 
corresponding quantum field theory. 

The first observation is that the path integral f[Dp\[Dir]e~ l00 , considered as a differ- 
ential form on the space of maps £ — > M, may be viewed as the integral representation 
of the delta-function differential form supported on the space of holomorphic maps 
£ -> M. 

To see this, consider a finite-dimensional model situation: a complex vector space C M 
and functions f a ,a = 1, . . . , A, defining a codimension A complex subvariety C C C M . 
Then the delta-like differential form supported on this subvariety has the following 
integral representation: 

5c = / JJ dp a dpadlT a dlTaexp (-ip a f a - ip~ a fa ~ ^adfa ~ i^adf a ) ■ 
•* a 

This delta- form may be viewed as the limit, when t — > oo, of the regularized integral 

Sc,t = y II dpadpadTTadlTaexp {-ipaf ~ Waf a ~ ™ a df a - V7T a df a - t~ l p a Pa) . 
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Comparing these formulas to and IJOJI . we see that the path integral 
(1.4) J [Dp][Dir]e~ Io ° 

looks like a delta-like form supported on the solutions of the equation dzX a = 0, i.e., on 
the holomorphic maps, while f[Dp] [Z?7r]e _/t may be viewed as its regularized version. 
Alternatively, and more precisely, one may say that the integral f[Dp][Dir]e~ It looks 
like the Mathai-Quillen representative of the Euler class of an appropriate vector bundle 
over the space of maps S — > M (see [H], § 13.6). 

Motivated by this analogy, it is natural to expect that in the infinite volume limit the 
correlation functions in our theory will correspond to sums of integrals of differential 
forms over different connected components of the moduli space of holomorphic maps 
S — > M, as explained in j3U]. Particular examples of these functions give rise to the 
Gromov-Witten invariants of M |31j . 

The connected components of the moduli space of holomorphic maps S — > M are 
labeled by H2{M). Choosing a basis in H2(M), we can label them by fc-tuples of 
integers (m, . . . , rife). It is customary to weight the contribution to the path integral 
corresponding to the component of the space of holomorphic maps S — > M of degree 
(m, . . . , Tik) with the coefficient g™ 1 . . . q? k (we choose this basis in such a way that non- 
zero contributions come from rii > 0). This can be achieved by adding to the action 
loo the topological term ^ ^ L <£*(ci7 l ). Here {w 1 } is the basis of the Kahler cone of 
M that is dual to the above basis of H2(M) and the Uj's are the coupling constants 
such that qi = e~ Ui . 

The corresponding path integral is then the sum over m,. . . , n& > of terms cor- 
responding to the holomorphic maps S — > M of degrees (rti, . . . ,n^) with coefficients 
g™ 1 . . . fc . This path integral may be obtained as the t — > oo limit of a sigma model 
path integral as follows. We simply add to the action the B-field —-^^ + ~Tk w -i where 
lo = 7jg a ^dX a A dX b is the Kahler form on M and w = Y^i UiW 1 . Then the bosonic part 
of the action will read 

In terms of the first order variables this becomes 

Y [ d 2 z (i Pa &zX a + ipad z X" + t- 1 g aB p a p E J [ 

Therefore in the limit t — > oo the path integral will indeed give us the desired sum over 
ni, . . . ,nk > weighted with coefficients g™ 1 . . . q^ k , where qi = e~ Ui . 

Proper definition of the path integral (J1.4|) for worldsheets S of genus greater than 
zero requires a prescription for the integration of the zero modes of the fields p a and 
Pa- 2 The most evident possibility to do so is to add the term of the form eG ab p a p^ to 



'We thank N. Nekrasov for a discussion of this point. 
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the action and consider the limit e — > 0. However, if we choose G to be the inverse of 
a Kahler form on M, this will bring us back to the finite volume and spoil conformal 
invariance if M is not Calabi-Yau. But we can take G ab to be any tensor in T l,1 M of 
the following form. Suppose that we have a flat Kahler metric on an open dense subset 
Mo of M, such that its inverse is a section of T ' Mq that extends to a section on the 
entire M. We can then take this extension as our G ab . Then we can regularize the 
integrals over the zero modes of the p a 's and p^-'s without violating conformal invariance 
of the theory. Such tensors can be easily constructed for Fano toric varieties, and we 
will see examples of that below. We also remark that for general Fano manifolds the 
zero modes disappear altogether when the genus of £ is fixed and the degree of the 
map S — * M is sufficiently high. 

Remark 1.2. The action Q1.3JI is conformally invariant, and we expect that the corre- 
sponding quantum field theory is also conformally invariant, for any Kahler manifold 
M. However, in the case of non-Ricci flat Kahler manifolds non-zero /^-function is 
developed and the theory becomes non-conformal for finite values of t, even though the 
deformation to finite volume is achieved by adding the operator V = ^2 a ];9 ab PaPj; of 
dimension (1,1). In general, consider the basis V a in the space of operators of dimension 
(1,1). The \z — w\~ 2 term in their operator product expansion reads as follows 

\z — w\ z 

Then the theory with interaction t a V a has the beta-function equal to t a t b C^ b V c . In our 
case, the OPE of the above operator V with itself contains \z — w\~ 2 with the coefficient 

proportional to R ab p a p^, where is the Ricci curvature of M |2HJ- Therefore, if M 
is not Calabi-Yau, the sigma model in the finite volume is not conformally invariant. 
However, in the infinite volume limit the beta- function vanishes and the theory becomes 
conformally invariant, even for manifolds that are not Calabi-Yau. □ 

1.3. Correlation functions. Correlation functions in our model are defined for any 
Riemann surface S with marked points x\, . . . , x n , and a collection of local operators 
inserted at those points. In a general conformal field theory with central charge c = 
correlation functions are functions on the moduli space M 9i „ of pointed curves (X, (x{)). 3 
But our theory carries a supersymmetry charge Q such that the stress tensor T(z) is 
Q-exact: T{z) = [Q,G(z)] + , and similarly for the anti-chiral fields, and so it has the 
structure of topological conformal field theory. In a topological conformal field theory 
we can construct not only functions, but also differential forms on the moduli space 
M ff)n , by inserting integrals of the fields G(z) and G(z) (see jSHUHEj)- Let us recall this 
construction. 

Suppose for simplicity that n > 0, and let Oi, . . . , n be some local operators inserted 
at the points x%, . . . ,x n . We will explain how to construct holomorphic differential 
forms. The construction is easily generalized to arbitrary forms. We note that the 



we may also need to choose non-zero tangent vectors, or even germs of local coordinates, at the 
marked points, but in the discussion below we will omit them 
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holomorphic tangent space to the moduli space M 9j „ at (S, (xi)) is isomorphic to the 
double quotient 

n n 

r(E\{^, . . . , x n }, T 1 '°S)\ C{U))d t J C[[ti]]^ , 

i=l i=l 

where T 1,0 £ is the holomorphic tangent bundle of £ (see, e.g., |14| . Sect. 17.3, and 
references therein). Now any holomorphic vector field on the punctured disc near 
x %i £i = fi(ti)dti G C^tijjdtf defines a tangent vector in , x ^M 9)n . To define a 
differential (&:,0)-form on M ffjn corresponding to 0i,...,0 n we need to describe its 
values on A:-tuples of holomorphic tangent vectors of the above form. Let us suppose 
that we have tangent vectors corresponding to the vector fields , . . . , £j at the 
point Xj. Then, by definition, the value of this (k, 0)-form on these tangent vectors is 
just the correlation function 

In other words, we "dress" the local operator inserted at Xj by contour integrals of G(z) 
coupled to the vector fields ^\ ■ ■ ■ >£j^- To obtain more general differential forms, 
we should use the anti-chiral field G(z) as well. 

If the observables Oj have definite fermionic charges, then among all of these dif- 
ferential forms there is at most one that is non-zero. Its degree is determined by the 
corresponding fermionic charge conservation law. 

What do these differential forms look like? Typical observables of the theory are dif- 
ferential forms on M, and Q acts on them as the de Rham differential. Let M 3j „(M, (5) 
be the moduli space of (£, (x^, <]?), where £ and (x,) are as above and $ is a holomor- 
phic map S — > M of degree f3. Then we have a forgetful map M 9jTl (M, f3) — > JA g<n . 
Suppose we want to compute the correlation functions of the local operators corre- 
sponding to differential forms uii,i = 1, . . . ,n on M, not necessarily closed. Then we 
should take the cup product of the pull-backs of the Wj's to M 9jTl (M, (3) under the 
evaluation maps, and take the push-forward of the resulting differential form to M Sin . 
If the cjj's are smooth and have compact support, then one can show that the result 
is a differential form (not necessarily of top degree) on M 9) „. This is an example of 
a correlation function in our conformal field theory. But this is not the most general 
example. Other correlation functions correspond to other local observables, such as the 
vector fields on M realized as Lie derivatives acting on differential forms. 

Part of this structure is captured by the Gromov-Witten invariants. Since these 
moduli spaces M 9)n (M, 0) are non-compact, we find that if we wish the correlation 
functions of Q-closed observables (such as closed differential forms on M) to depend 
only on their cohomology classes, we need to compactify these moduli spaces. The fac- 
torization property of the correlation functions will then also require that we introduce 
certain additional components into the compactified moduli spaces. The Kontsevich 
moduli spaces M fljn (M, (3) of stable maps provide one with compactifications which 
satisfy all desirable properties and are equipped with the evaluation maps to the target 
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manifold M which one can use to pull-back differential forms on M. 4 One also has a 
forgetful map from M g , n (M, (5) to the Deligne-Mumford compactification M g , n of M 9tn . 
Taking the cup product of the pull-backs of such forms uVs to M 9in (M, /?), and then the 
push- forward to M 9j „, we obtain differential forms on M 9) „ whose cohomology classes 
now depend only on the cohomology classes of the Ui's. Pairing them with some natural 
cohomology classes on M 9)?1 , we obtain the Gromov-Witten invariants. But since they 
come from very special observables of our theory, they correspond to a particular sector 
of the full conformal field theory associated to the twisted sigma model in the infinite 
volume. 

A natural question is how one can see the compactification M 9in (M, /3) of M 9in (M, (5) 
in the framework of the conformal field theory with the action (|1.3[) . A possible answer 
is that the integrals over the additional strata may naturally appear when one performs 
a regularization of the integral over the zero modes of the p a 's and p^'s along the lines 
described above. 

Another part of this structure has been studied in mathematical literature starting 
with 26 j. It is encoded by a sheaf of chiral algebras over M , called the chiral de Rham 
complex, which is defined by gluing the free chiral algebras on the overlaps of the open 
subsets. From the point of view of the sigma model, this chiral algebra corresponds 
to the cohomology of the right moving supercharge of the twisted sigma model in the 
perturbative regime (i.e., without counting instanton contributions), as explained in 
(341 !2Uj . However, the knowledge of this cohomology is not sufficient for determining 
the correlation functions of the sigma model. In order to determine them one needs to 
generalize the construction of this chiral algebra to the full conformal field theory and 
to include the instanton corrections. This is done in this paper in the case when the 
target manifold is a toric variety. 

The idea is to realize the quantum field theory governed by the action (|1.3|) in the 
case when the target manifold M is a toric variety as a deformation of a free field 
theory. A toric variety Pg has a particularly nice open cover {^ a (i)}i=i,...,N with each 
open subset isomorphic to and their intersection Tg to (C x ) d (see Section ing . 
The complement of Tg in Pg is a divisor with components Cj equal to the complements 
of A CT (j) in Pg. Our idea is that the sigma model corresponding to a target manifold 
M is equivalent to a deformation of the sigma model with the target manifold M\C, 
where C is a divisor, by means of a marginal vertex operator determined by C. Now, 
starting with the sigma model with the target Tg, which is a free field theory, we may 
build the sigma models with the target manifolds obtained by gradually "gluing" back 
the divisors Cj. Each time we "glue" back a divisor Cj, we deform the theory by a 
vertex operator corresponding to Cj. Thus, the end result, which is the sigma model 
with the target Pg, is identified with the deformation of the free field theory associated 
to Tg by means of the vertex operators corresponding to all Cj, i = 1, . . . ,N. In this 
paper we identify these vertex operators and construct these deformations explicitly. 
Moreover, we use this description of the sigma model of Pg to give a new interpetation 
of mirror symmetry. 



Note that it may happen that M 9 , n (M, (3) is empty, but M, g ,n(M, 0) is non-empty; see the discussion 
at the end of Section f3. II 
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We expect that one can give a similar description to the sigma models corresponding 
to more general target manifolds. A general complex manifold can be covered by open 
subsets that are analytically isomorphic to domains in C n . The super symmetric sigma 
model corresponding to each of this open subsets is described by a free field theory 
which may be viewed as a system of decoupled bosonic and fermionic ghosts. So 
one may hope to define the quantum theory for a general Kahler target manifold M 
by appropriately "gluing" together the free field theories corresponding to these open 
subsets. The mathematical works on the chiral de Rham complex indicate that this is 
a non-trivial task which requires methods that up to now have not been widely used 
by physicists in this context, such as Cech cohomology. However, for toric varieties our 
task is considerably simplified by the existence of a particularly nice cover. We will use 
this cover in order to realize the sigma model as a deformation of a free field theory. 

To illustrate these ideas, we will now consider the case when the target manifold M 
is P 1 . 

1.4. Warm-up example: Prom C to P 1 . As a warm-up example, we will consider 
the case of the target manifold M = P 1 . The corresponding non- linear sigma model 
will be defined as a deformation of the linear model with the target C. In the next 
section we will define the same non-linear model as a deformation of the linear model 
with the target C x , which we will find to be technically more convenient. However, it 
is instructive to start by looking first at the deformation from C to P 1 . 

The theory with the target C is a free conformal field theory with the chiral fields 
X(z),p(z), ip(z), vr(z) and their anti-chiral partners with the action (|(J.lj) . The chiral 
fields obey the standard OPEs 

p(z)X(w) = hreg., ip(z)ir(w) = h reg. 

z — w z — w 

This is nothing but the free theory of bosonic and fermionic ghosts (also known as a 
/37-system and a fee-system) , and its quantization is relatively straightforward. 

We wish to interpret holomorphic maps £ — > P 1 within the framework of this free 
field theory. Namely, we view such maps as meromorphic maps £ — > C. Let w\, . . . , w n 
be the points of £ where this map has a pole. Generically, all these poles will be of order 
one. As explained in the introduction, our proposal is that we can include such maps by 
inserting in the correlation functions of the linear sigma model certain vertex operators 
at the points W\, . . . ,w n . In the case at hand, we propose the following candidate for 
this operator: 

D(z,z) = 5 2 (p)(z,z)ir(z)Tf(z). 
What is the meaning of the operator 5 2 (p)(z, z) from the Lagrangian point of view? 
Recall that the field p{z) is a Lagrange multiplier responsible for the equation of holo- 
morphy djX = 0. Therefore the insertion of the field 5 2 (p)(z,z) in the path integral is 
the instruction to relax this equation at the point z £ £ in the minimal possible way. 
This just means that our map X : £ — > P 1 should cease to be holomorphic at the point 
z£E, i.e., it should develop a pole. We need to multiply 5 2 (p)(z, z) by its odd counter- 
part, namely 5 2 (tt)(z, z), which is nothing but the operator ir(z)T(z). This gives us the 
above operator D(z, z). Inserting the operators D(wi,Wi),i = 1, ... ,n, corresponds to 
considering meromorphic maps £ — > C with poles precisely at the points wi, . . . , w n , or 
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equivalently, considering the holomorphic maps S — > P which pass through the point 
oo € P 1 precisely at the points w± , . . . , w n € S. 

The operator D(z,z) also has a transparent meaning from the point of view of the 
operator formalism. While operators of the form S 2 (X)(z,z) are quite common, the 
operators 5 2 (p)(z,z) may appear at first glance as somewhat more exotic. But the 
mystery disappears if one considers the corresponding state in the Hilbert space of the 
linear sigma model corresponding to a small circle around a point z £ S. To simplify 
notation, set z = 0. Then this space contains the direct sum of the the tensor products 

F N ®F N , NeZ, 

of the Fock representations the Heisenberg algebra generated by the Fourier modes 
of the chiral fields 

X(z) = Y J XnZ~ n , p(z) = Y,PnZ- n -\ 

and their anti-holomorphic analogues i<V- The vacuum vector |0)<8>|0) is in Fq®F$. The 
vector |0) 6 Fq is annihilated by J X(z)f{z)dz for all holomorphic one-forms f(z)dz 
on a small disc around 0, where the integral is taken over a small circle around (i.e., 
it is annihilated by X n ,n > 0) and by J p(z)g(z)dz, for all holomorphic functions g(z) 
on the small disc around (i.e., it is annihilated by p n ,n > 0). The vector |0) satisfies 
similar equations. 

Now, the vector corresponding to the operator S 2 (p)(0, 0) is nothing but the tensor 
product of the highest weight vectors from other Fock spaces, namely, |1)<8>|1) € Fi®Fi. 
The vector |1) satisfies 

J X(z)f(z)dz-\1)=0, f(z) G zC[[z\], 

Jp(z)g(z)dz-\1)=0, g(z) e z^CM}. 

In other words, |1) is annihilated by X n ,n > 1, and by p n ,n > —1. So 

5 2 (p)(z,z) = 5(p)(z)5(p)(z), 

where 5{p){z) is nothing but the chiral field corresponding to the highest weight vector 
|1) of the Fock representation F\ of the Heisenberg algebra, and 6(p)(z) is its anti-chiral 
analogue corresponding to the anti-chiral state |1). 

Likewise, 7T— i7f_i |0) is a highest weight vector over the Clifford algebra generated 
by the Fourier coefficients of the fields ip(z), tt(z), ip(z),W(z). It is annihilated by 
ip n ,il) n ,n > 1, and ir n ,T n ,n > -1. 

Incidentally, from this point of view 5 2 (X)(z,~z) is nothing but the operator corre- 
sponding to the state | — 1) <8> | — 1). So the familiar operator 

O (z,z) =5 2 (X)(z,z)ij(z)^(z) 

is an analogue of our operator D(z,z), which may in fact be used to represent the 
observable in the Gromov-Witten theory corresponding to the degree two cohomology 
class of P 1 . 
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The conformal dimension of the field 5 2 (p) is (—1,-1). This is in fact a special case 
of a general fact: if $(z,z) is a bosonic field of conformal dimension (A, A) and charge 
v, then 5 2 (&)(z,~z) should have conformal dimension (—A,— A) and charge —v. Note 
also that D(z,z) has conformal dimension (0,0). 

Let us compute the correlation function of these observables for £ of genus zero. 
From the Gromov-Witten theory we know that the correlation function is non-zero 
if the number of insertions is odd, 2n + 1, and then the answer should be equal to 
q n , because it corresponds to holomorphic maps of degree n. Let us explain how to 
reproduce exactly this answer within the framework of the linear sigma model. Observe 
that a map of degree n has to pass through oo exactly n times (with multiplicities, in 
general, but generically the multiplicities will all be equal to one). This means that we 
have to insert the operator D{z,~z) at n distinct points. But this operator has charge 1 
(with respect to the current :X(z)p(z):) and ghost number 1, while the operator 0(z, ~z) 
has charge —1 and ghost number —1. The anomalous conservation law in genus zero 
demands that the total charge and the ghost number be both equal to —1. Therefore 
in order to compensate for the n insertions of the operator D(z,~z) we have to insert 
the operator 0(z, z) at n + 1 additional points. After that we reproduce the answer of 
the Gromov-Witten theory because the correlation function of these operators is equal 
to 1, which we should multiply by q n to account for the degree of the map. In other 
words, in order to account for the degrees of the holomorphic maps we should really be 
inserting the operator qD(z,z) rather than D(z,~z). 

In the Gromov-Witten theory one also considers the fields obtained by cohomological 
descent from the basic fields described above (see [S3)- The cohomological descendants 
of an operator satisfy the equations 

d0 = [Qtot,0 {1) ], dO (1) = [Qtot,0 (2) ], 

where Qtot = Q + Q is the supersymmetry charge. To calculate them, we observe that 
we have two (twisted) N = 2 superconformal algebras with the chiral one generated by 
the fields 

G(z) = id z X(z)n(z), Q(z) = -ip(z)^(z), 

T(z) = —i:d z X(z)p{z): — i:ir(z)d z if)(z):, J(z) = i:ip(z)7r(z): , 

and similarly for the anti-chiral one. The chiral supersymmetry charge is the operator 
Q = J Q(z)dz, and G(z) satisfies 

J Q(w)dw ■ G(z) = T(z) 

(here and below, in similar formulas, the contour of integration goes around z, and we 
suppress the factor l/2-7ri). In particular, we have 

[Q, G-i}+ = L-i, 

where G_i = J G{z)dz. We have similar formulas for Q. 
This allows us to find O^ 1 ) and 0^ from the formulas 

qW = G-i • Odz + G_i • Odz, (2) = • Odzdz, 
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provided that Q to t -0 = 0. In particular, since Q to t • D(z, z) = 0, we find that 
D^(z,z) = X{w)wdw j X(w)wdw ■ 5 2 (p)(z, z)\ 7r(z)d z 7r(z)W(z)dzT(z)dzdz. 

The bosonic part of this field corresponds to the state Xi\l) (g> ^i|l) G F\ ® F\. Note 
that the field (z,z) has conformal dimension (1,1). 

In the setting of the linear sigma model the maps £ — > P 1 of degree n are the 
same as meromorphic maps with poles at n points (counted with multiplicity). As 
we argued above, those should be counted via the insertion of the vertex operator 
qD(z,z). Since we will be integrating over all such maps, and hence over all possible 
positions of the poles, the deg ree n contribution to the correlation function (Oi . . . (D ri )pi 
of local observables in the non-linear sigma model with the target P 1 (such as 0o(z, z) 
introduced above) should be equal to the correlation function of these operators in the 
linear model with the additional insertion of the integral of the (1, l)-forms qD^ 2 \z,z), 
obtained by cohomological descent from the operators D(z, ~z) introduced above. Thus, 
this correlation function should be given by 

oo ti r r 

^| [ (0 1 ...O m / D^iw^wx)... / D^( Wl ,w n )) c 

n=0 U - J J 

(the 1/n! factor is due to the fact that the points w\ , . . . , w n are unordered). But 
this is the same as the correlation function in the linear sigma model deformed by the 
marginal operator qD( 2 \z,~z). 

This suggests that the non-linear sigma model with the target P 1 in the infinite 
volume limit is equivalent to the linear sigma model deformed by the marginal operator 
, z), i.e., the theory defined by the action 

— / d 2 z (ipchX + mc\i\) + ipd z X + iWd z lp + qD {2) 

While nice and intuitive, the representation of the deforming operator in terms of the 
delta-function 5 2 (p)(z,~z) is rather inconvenient for practical calculations. One possible 
way to do that is to invoke the Priedan-Martinec-Shenker bosonization of the p, X 
system: 

X(z) = e u{z)+v( - z) , p = -dv{z)e- u{z) ~ v{z) , 

where u{z) and v(z) are the scalar fields having the OPEs 

u(z)u(w) ~ — log(z — w), v(z)v(w) ~ log(z — w). 

We have similar formulas for the anti-chiral fields p, X. Then we have the following 
bosonic representation 

6(p)(z) = e u{z \ 5(p)(z) = e^ z) . 

It is easy to see that these fields have the right OPE with the fields X(z),p(z) and 
their complex conjugates. Since the conformal dimension of e au ^ is —a(a + l)/2, we 
obtain that the conformal dimension of 8{p{z)) is indeed —1. 
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Thus, we obtain the following realization of the fields introduced above: 

D{z,z) =e u & +li ®Tr(z)T(z), 

dW{z,z) = e 2{u+1I)Hv+v) TTd z irWdzifdzdz. 

However, the FMS bosonization identifies the X,p system with a subalgebra of the 
chiral algebra of the two scalar bosons u, v. To get an isomorphism, we need to invert 
X, i.e., pass from C to C x (see ^^)- This already indicates that it is more convenient 
to formulate the theory on C x rather than on C. This leads us to the toric sigma model 
introduced in the next section. 

2. The model with the target C x 

2.1. Toric sigma model. We would like to express the correlation functions of the 
sigma model with the target P 1 in the limit of infinite volume in terms of the operator 
formalism of the sigma model with the target C x = P 1 \{0,oo}, also at the infinite 
volume. 

To define the sigma model with the target C x we will use the logarithmic coordinate 
X = R + i(f), where (ft is periodic with the period 2tt. In other words, we identify C x 
with KxS 1 , where R is a coordinate on R and <p is a coordinate on S . We introduce 
the metric 

(2.1) t(dR 2 + d<p 2 ) = tdXdX, 

so the circle has radius \ft. The action of the sigma model in the first order formalism, 
introduced in Section [TTT1 is 

(2.2) l t = — I d 2 z {ipc\X + ipd z X + indgij> + md z ~$ + t~ l pp) . 

To eliminate p and p in the path integral by completing the action to a square and 
integrating them out (see Remark II. 1|) . we substitute the following expressions in the 
Lagrangian: 

(2.3) p = -itd z X, p = -itdgX. 

Then we obtain the usual action of the sigma model with the target Ex 5 1 with the 
metric (I2.1j) : 

— I d 2 z (dzXd z X + indzip + ind z i?) . 
In the limit t — ► oo the last term in It drops out and we obtain the action 

(2.4) f d 2 z (pdjX + vrd^ + pd z X + W Z W) ■ 

We call this model a toric sigma model with the target C x . 

Equations of motion imply that fields X(z),p(z),ip(z),ir(z) are holomorphic (X(z) 
and ip{z) have conformal dimension and p(z),tt(z) have conformal dimension 1), while 
their complex conjugates X(z),p(z),ip(z),Tf(z) are anti-holomorphic. They obey the 
standard OPEs 

(2.5) X(z)p(w) = h :X(z)p(w):, ip(z)ir(w) = h :ip(z)n(w):, 
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and similarly for the anti-chiral fields. So this is a free field theory which is the toric 
version of the well-known system of bosonic and fermionic ghost fields. It possesses 
an N = 2 superconformal symmetry. The generating fields of the left moving N = 2 
(twisted) superconformal algebra are given by the following formulas: 

(2.6) Q(z) = -ip(z)^{z) - d t ^(z), G(z) = id z X(z)7T(z), 

T(z) = -i:d z X(z)p(z): - i:7r(z)d g i/>(z):, J(z) = i:il)(z)n(z): + d z X(z). 

There are also anti-chiral fields Q(z),G(z),T(z), and J{z), given by similar formulas, 
which generate the right moving copy of the N = 2 superconformal algebra. 

The Hilbert space of the theory is built from bosonic Fock representations of the 
Heisenberg algebra generated by the Fourier coefficients of the fields d z X(z),p(z), 
dgX(z),p(z) and fermionic Fock representations of the Clifford algebra generated by 
the Fourier coefficients of ifi(z), ir(z), ip(z),W(z). The precise structure of the bosonic 
Hilbert space and the state-field correspondence will be described in Section I3TT1 Here 
we focus on the most salient features of the theory. 

2.2. Holomorphic vortices. In the canonical quantization of the toric sigma model 
we consider the theory defined on the cylinder £, with the holomorphic coordinate 
z = e t+ts ,t £ R, s £ R/2-7rZ. Because our target space is also a cylinder, we find that 
we can allow non-trivial winding, i.e., we can allow X(e 2m z) to differ from X(z) by a 
an integral multiple of 2iri. This, together with the condition of holomorphy, means 
that X(z) and X(z) may be written as follows: 

X(z) =u;\ogz + ^2x n z- n , X(z) = uj log z + X n z~ n , 

where u is the winding operator which is allowed to take integer values. This indicates 
that the Hilbert space may contain states that have non-zero value of the operator u, 
and hence non-zero winding. 

A convenient way to understand this is by interpreting the toric sigma model as the 
Z-orbifold of the corresponding model with the target C. The latter is the free field 
theory that we discussed in Section [1.41 It is described by the action (|2.4|) . where how 
X(z) and X(z) are single-valued. The group Z is a symmetry group of the action, 
shifting X by integer multiples of 2ni. We expect that our toric sigma model with the 
target C/2niZ may be obtained from the corresponding theory with the target C by 
taking its Z-orbifold. The corresponding twist fields should then be exactly the fields 
with non-zero winding number uj. 

This is analogous to the fact that the vortex operators of the sigma model with 
the target C/27nZ at the finite radius may be interpreted as the twist fields arising in 
the Z-orbifolding of the usual linear sigma model with the target C. Because of this 
analogy, we call the twist fields arising in the toric sigma model holomortex operators. 
However, the vortex operators and the twist fields that we have at the infinite radius 
have different nature. 

To explain this point, it is convenient to work in the logarithmic coordinates s,t 
on the worldsheet cylinder T,q. In the finite volume theory the coordinates R,4> on 
the target cylinder M$ are completely independent, and the winding occurs in the <fi 
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variable, independently of R. In other words, there are harmonic maps X : So — > Mo 
which are constant along R, but wind around (ft, such as i? = 0, (ft = ms, where 
m £ Z. The vortex operator with the winding number m belongs to the sector of the 
theory corresponding to maps of this type. But in the infinite volume limit the map 
X : £ — > M has to be holomorphic. Therefore R and (ft are no longer independent. Now 
we have maps of the form R = mt, (ft = rns, where m E Z, so R as well as (ft depend on 
(s,t). That is why there is no straightforward way to define the holomorphic winding 
operators as a naive limit of the vortex operators in the infinite volume limit. 

What are then the explicit formulas for the holomortex operators? Denoting the 
operator with the winding number m by ^ m (z,z), we find that we need to have the 
following OPEs: 

(2.7) X(z)W m (w,w) = m\og(z - w)V m (w,w) + .... 
X(z)fy m (w,w) = m\og(z -w)^ m (w,w) + ... 

Using the OPEs (J2SJ), we find that the field 

(2.8) $> m (z,z) = e~ im f p (z,z) = exp y-im J (p(w)dw + p(w)dw)^j 

(or any of its scalar multiples) has precisely the OPEs (|2.7|) with X{z) and X(z). 

Formula (|2.8j) a priori depends on the point zq and the integration contour. We 
will give a more precise definition of these operators acting on the Hilbert space of 
the theory in Section 15.11 Here we would like to comment that for the purposes of 
this paper we only need to consider the correlation functions of the operators e^f p . 
We will postulate that a correlation function of such operators will be non-zero if and 
only if an equal number of these operators with the + and — signs are involved. (In 
Section 12. Ml we will see that this condition naturally comes from integrating over the 
zero mode of the dual variable U.) Then we simply define the correlation function by 
pairing the + and — operators in an arbitrary way and integrating over the contours 
going from the location of the — operator to the location of the + operator in each pair. 
The result is independent of the choice of the pairing as long as all other operators in 
the correlation function have well-defined OPEs with the operators e ±J ^ p , as discussed 
below. Note also that while the individual operator e ±l f p is a priori defined only up 
to a scalar multiple, once we normalize one of them, the other is also automatically 
normalized. Therefore the product of an equal number of the + and — holomortex 
operators does not depend on the choice of normalization. This gives us a well-defined 
prescription for the computation of the correlation functions that we need, and it is 
easy to generalize it to the correlation functions involving the fields *$> m with m/±l, 

The presence of the holomortex operators e tm ^ p ,m £ Z, given by formula l|2.8|) . in 
our theory places restrictions on what other fields are allowed. Namely, those fields 
must have well-defined OPEs with the fields e im $ p ,m G Z. (This insures the contour 
independence of the correlation functions discussed in the previous paragraph.) This is 
analogous to the case of the sigma model with the target C/2-7riZ at the finite radius, 
considered as a Z-orbifold. In the linear sigma model we have the fields e ir ^ with arbi- 
trary r£R, but after orbifolding r is quantized and can take only integer values. This 
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condition insures that these fields have well-defined OPEs with the vortex operators, 
which are the orbifold twist fields at the finite radius. 

Let us analyze what conditions are imposed by the presence of the twist fields 
e lTn f p ,m G Z in our theory. The fields p(z),p(z) have well-defined OPEs with them, 
and so do the derivatives d z X(z), dzX(~z). Next, we look at the exponential fields 
ex.p(aX(z) + f3X(z)). They have the following OPEs with e~ m J p \w,w): 

exp(aX{z) + (3X(z))e- im f p (w,w) = 

(z - w) ma (z - w) m(} : exp(aX(z) + 0X(z))e~ im f p {w, w): . 

The condition for the right hand side to be single- valued is that a — (5 G Z. This condi- 
tion ensures that the correlation functions of the allowed operators and the operators 
e~ im f p (w, w) do not depend on the choice of the contours of integration. The operator 
content of the theory is described in more detail in Section f5.ll 

2.3. T— duality. Now we will show that the toric sigma model introduced in the pre- 
vious section is equivalent to the ordinary sigma model with the target space being the 
torus R x S 1 equipped with the Minkowski metric such that the circle is isotropic. In 
this realization the holomortex operators e im $ p have a particularly simple form. 

In this section we discuss the path integral realization of the duality. The operator 
realization will be considered in Section [5.21 Let us introduce the one- form 

P = p(z)dz + p(z)dz 

on E. We choose the real structure in which the complex conjugate of p is p, so that 
the one-form P is real. Then we rewrite the bosonic part of the action (|2.4j) as follows: 



(2.9) / bos = ± / (-P A d<f> + P A *dR). 

Here * denotes the Hodge star operator on E, which in coordinates looks as follows: 
*dz = —idz, *dz = idz. Recall that our convention for the integration measure on S is 
d 2 z = idz A dz. 

Let us integrate out the field <f> in the path integral. Then we obtain the constraint 
dP = 0, or in components d z p = &zP- A general solution of this equation is 

(2.10) P = dU = dU + W> 

where Uq is a real single- valued field and the uVs are closed real one- forms representing 
a basis in the first cohomology group of E. We choose them in such a way that they 
are harmonic and their integrals over cycles in E are integers and J kl = f uj^ A u>i is an 
integral skew-symmetric matrix with determinant one. We claim that the coefficients 
cti are constrained to be of the form aj = lixm^rrtj G Z, and so U is a 2ir -periodic 
field. 

We follow the presentation of the book |19j . Sect. 11.2. The field 4> takes values in 
IR/27rZ and therefore it is allowed to have non-trivial winding. This means that d<p may 
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be expressed by the formula 

deft = d(j)Q + 2ir n i^i, n i ^ 

where 4>o is a real single-valued function. Then we have 



— / P A d<j> = aiJ ij nj. 
27 r Jz f-? T 



Taking the summation over the n^-'s in the path integral, we find from the Poisson 
summation formula that dj = 2irm,j,mj € Z. Hence U is a function £ — > R/27rZ. 
Thus, we have the following transformation formulas: 

p(z) = d z ll(z,z), p(z) = chrU(z,z), 

l -(X{z)+X{z)) = R{z,z). 

These formulas are closely related to the Friedan-Martinec-Shenker bosonization dis- 
cussed in Section ll.4l The holomortex operators e im $ p have a particularly simple 
realization in the dual variables: 

l IL P — JmU(z) -imU(zo) 



mi 



and this is the reason why the dual theory will be convenient for our purposes. 

Let us introduce the improved holomortex operators e tmU ^ z \ The integration over 
the zero mode of the field U(z) will guarantee that the correlation function of the op- 
erators ^^{z) w ill be non-zero if and only if equal numbers of the operators e lU ^ and 
e -iU(z) are i nvo i vec [ i xhis is precisely the condition that we imposed by hand in Sec- 
tion !2.2l 5 On the other hand, if this condition is satisfied, then the correlation functions 
of the improved holomortex operators are the same as the correlation functions of the 
original ones. Hence from now on we will use the improved holomortex operators in 
our computations. 

The dual theory is formulated in terms of the fields U and R with the action 
(2.11) 7 bos = JL J <W A*dR = ^- Jj 2 z (d z UdzR + d^U8 z R). 

This is the action of the sigma model with the target the cylinder R x (R/2-7TZ) with 
coordinates (R,U), but with the Minkowski metric idRdU. Note that the compact 
direction U is isotropic, and so the notion of the "radius" of this cylinder does not 
make sense. 

Since the one- forms cjj's in formula H2.1U|) are chosen to be harmonic, we can replace 
in the action the multivalued function U by the single- valued function Uq. However, 
we then have to remember to integrate in the path integral not only over Uq but also 
sum up over all possible values of a,- = 27rmj,mj £ Z. Because our metric is Minkowski 
and the dual variable to U, namely R, is non-periodic, this leads to some non-trivial 
consequences as discussed below in Section 13.21 



^We thank V. Lysov for a discussion of this point. 
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The fermionic part of action of the theory remains the same, so the total action of 
the dual theory is 

(2.12) T= — I d 2 z (dzUdzR + dzUdzR + ndtip + Wd^). 

Note that when we deform the action (|2.4|) to a finite radius r, we add to it the term 
^jpp, which in the dual variables looks as ^d z Uc\U. Therefore we see that the metric 
on the torus is changing in such a way that the circle in the U direction acquires radius 
r , as we should expect under T-duality at the finite radius. 

3. Changing the target from C x to P 1 

The correlation functions of the toric sigma model correspond to path integrals over 
all maps E — > C x . Then, since the path integral over p and ir and their complex 
conjugates is interpreted as the delta-form supported on the holomorphic maps, as we 
argued above, any correlation function of the fields involving X{z) and ip(z) (and their 
complex conjugates) may be written in terms of the holomorphic maps £ — » C x , which 
are necessarily constant for compact S. Therefore the correlation functions reduce to 
integrals over the zero mode (i.e., over the image of the constant map <I> : £ —* C x ). 
Is it possible to interpret holomorphic maps £ — » P 1 within the framework of the toric 
sigma model? 

3.1. Deformation of the toric sigma model. As we explained in the Introduction, 
holomorphic maps £ — > P 1 may be viewed as holomorphic maps 
with logarithmic singularities at some points , . . . ,w N where this map behaves as 
±log(z — wf). These singular points correspond to zeroes and poles of exp<I>, and 
generically they will be distinct. Our proposal is that we can include these maps by 
inserting in the correlation function of the linear sigma model certain vertex operators 

The defining property of the operators ty±(w) is that their operator product expan- 
sion (OPE) with X(z) should read 

X(z)fy±(w) = ±log(z - w)'9±(w). 

We have already found such operators in Section [2 .2! These are the holomortex oper- 
ators 

■ rw p 

^±{w) = e Jw o . 

Note that using these operators we can obtain a given function (for S of genus zero) 

n n 

1=1 1=1 

as the correlator 

n n 

(3.1) *(*) = (X(z)H* + (w+)ll*-(wr) (5 2 (X(z )-c )4>(z )^(z ))). 

i=\ i=l 
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The factor in brackets is needed so as to normalize the function $(z) by the condition 
that $>(zq) = cq- This condition naturally appears upon integrating over the zero modes 
of X and ifj. 

Therefore we can create any meromorphic function on £ of genus by taking the 
correlation function of the form (jM.lj) . How to generalize this to £ of genus greater 
than zero? In this case, for a meromorphic function to exist, the points wf where it 
has zeroes and poles must satisfy a constraint: the divisor Y^i( w t) ~ ^2i( w 7) nas ^° 
be in the kernel of the Abel-Jacobi map. Therefore for our theory to be consistent, the 
correlation functions must somehow take this condition into account. 

This appears puzzling at first, but the apparent paradox is resolved if we recall 
formula ()2.1(Jj) . The one- form P is defined up to an addition of a linear combination 
of closed one- forms Uj, and periodicity of the field <rp implies that the coefficients a>j in 
front of these one-forms must be integer multiples mfs of 2ir. In the path integral we 
need to sum up over the to^'s, and this leads to non-trivial consequences. 

Let Qi,i = 1, . . . , N, be some local operators in the toric sigma model and suppose we 
wish to compute the correlation function of these as well as the holomortex operators 

e~' l J 3 , j = 1, . . . , n + , and e l J 1 ,j = 1, . . . ,n_. First of all, recall from Section \2. 21 
that the number of insertions of e~ % $ p has to be equal to the number of insertions of 
e i ^ p ; otherwise, the correlation function is automatically zero. Thus, n + = n_ = n. 
The correlation function should be a differential form on the moduli space 'Mg t N+2n- 
To simplify our analysis, let us fix the complex structure on £ and the positions of the 
operators Oj,i = 1,... ,N, leaving the positions of the holomortex operators free, 
but distinct. Consider the resulting differential form uj on the configuration space of 
2n distinct points on £. Its degree is determined by the fermionic charge conservation. 
Assume for simplicity that the operators Oj do not contain fermions. As in genus zero, 
we need to insert an operator of the form 5 2 (X(zq) — co)if)(zo)il)(zo) to take care of the 
zero mode of X and tfj. This means that in addition we need to insert g operators ir 
and W, so that we should get a (g,g)-form on the configuration space. 

According to a general prescription of [331 OOj (see also Section II. Ml above), this 
differential form is constructed as follows. It is completely determined by its values 
on g tangent vectors of the form d/dw^ and g tangent vectors of the form d/dw^. 
Then at the corresponding point we have to insert the operators G-\^±, G-i^± or 
G-iG-i^i. For example, let j run from 1 to g. Then at the points Wj~ we have to 

insert the operator e~ l J 3 n(Wj)W(w~j). The corresponding value of our differential 
form uj is given by 



N g 




n _|_ n 



<n°*ri e 



TT 



__ _ . r W ■ ^ -_ _ . r W ■ „ 



i=l j=l 



j=9+i i=i 



(]laillir(wf)jf(wpl[e ^ 




i=i j=i j=i 
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Substituting formula (|2.1()j) , we find that the correlation function will contain the factor 



and this is the only term that depends on the m^'s. In the path integral we will 
have to take the sum over all values of the m^'s. The result of this summation is a 
delta-function, which means that the correlation function is identically equal to zero 
unless 



for all k. This precisely means that the divisor Ylj{ w j) ~ Ylj( w J) nas to be in the 
kernel of the Abel-Jacobi map. 

Now it is clear that the differential form uj on the configuration space of 2n points that 
we obtain in our theory is the delta-form supported on the kernel of the Abel-Jacobi 
map (which has codimension g). We can "smoothen" this delta- form by deforming the 
action of our model with the term e f^ppcPz (see below). 

Now suppose that Oi,i = 1,...,N, are operators from the sigma model with the 
target P , and we wish to compute the correlation function in the sigma model with 
the target P 1 



where (Oi . ..Ojv)pi n is the term corresponding to the holomorphic maps of degree 
n. As we explained above, more general correlation functions in our sigma model are 
obtained by inserting contour integrals of the fields G(z) and G(z) coupled to vector 
fields on M s>n . These correlation functions are interpreted as differential forms on M 9)n . 

As we discussed above, in the setting of the linear sigma model with the target C x the 
maps of degree n are maps with logarithmic singularities at 2n points Wj ,j = 1, . . . , n 
(counted with multiplicity). For fixed positions of these points such a map is counted by 
inserting in the correlation function the holomortex operators ^±(10 - . ). Including 

all possible positions of the points means applying to each field ^ ±(w^ ,W^) the 
operator G-1G-1, where G-\ and G-\ are the contour integrals of the fields G(z) and 
G(z), coupled to the translation vector field d/dw^ and d/dw^ 1 , respectively. In other 

(2) 

words, we must replace each field ^>±(w,w) by the corresponding (1, l)-form ty±'{w,w) 
given by the formula 





n 



(3.2) 




n>0 



(w,W) = G-1G-1 ■ ^±(w,w)dwdw = e^ t} n(w)W(w)dwdw, 



and integrate these (1, l)-forms over E. Note that since the operators are Q-closed, 
^Sf± is the operator obtained by cohomological descent (see Section [QJ). 
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Thus, we find that 

(Ql(zi,Zl) . . . Oat(z7V,Z7v)) p i n = — ^(Ol(zi,Zi) . . . N (z N ,Z N ) 

(nl) 

i=l Jij t=l 

(the coefficient l/(ra!) 2 is due to the fact that the collections of points { w f} an d {wj~} 
are unordered). 

The integrand is not well-defined on the diagonals wf = w~ near the points z^, a 

typical singularity being \z^ — wf\ 2 /\zk — w 3 __\ 2 . However, we believe that the above 
integrals do converge as long as we choose smooth observables Oj (see an example in 
Section E3J. A proper way of treating this integral may be to extend it to a compacti- 
fication of J& g .N+2n- Note that the first N points z\, . . . ,zn correspond to the positions 
of the operators, while the additional 2n points w 1 , . . . ,Wn correspond to parameters 
of the space of maps £ — > IP 1 . Therefore it is natural to expect that the resulting 
compactification is related to the Kontsevich moduli space of stable maps. 
It follows from that we can write the correlation function (Oi . . . Ojv)pi as 

(Oi . . . Ojv)pi 

= (Oi . . . Ojvexp ^q 1/2 J (^ + (w)ir(w)if(w) + ^-(w)ir(w)T(w))dwdw\ ) C x . 

Therefore we have interpreted the correlation functions of the P 1 sigma model in the 
infinite volume as the correlation functions of the deformation of the toric sigma model, 
with the deformed action 

(3.3) ^ f d 2 z (pdzX + ttSsV + P d zX + Td^) 

+ Q 1/2 J (^ + (w)tt(w)w(w) + ^-(w)ir(w)TT(w))d 2 z. 

It is in this sense that we can say that the model with the deformed action (|3.3j) is 
equivalent to the type A twisted sigma model with the target P 1 in the infinite volume. 

This works fine when S has genus zero. But for E of genus greater than zero, as 
we discussed in Section II. 2| we need to take care of the zero modes of p and p. As 
we saw above, the existence of these zero modes leads to correlation functions being 
delta-like differential forms on the moduli spaces of pointed curves. We can regularize 
these forms by adding the term e J s ppd 2 z to the action. Note that we are not adding 
the term corresponding to the inverse of the Fubini-Study form on the target P 1 , which 
would have violated conformal invariance of the action, but rather the inverse of the flat 
metric on C x . While this flat metric has poles at 0, oo G P 1 , its inverse has zeroes, and 
so it is regular on P 1 . This term preserves conformal invariance of our theory. There is 
a similar regularization procedure in the case of more general Fano toric varieties. 
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This regularization procedure becomes particularly important for maps of low de- 
grees, where without regularization it may be impossible to evaluate the correlation 
functions. 

To illustrate this point, consider the simplest example. Suppose that S is the torus 
and we wish to compute a contribution to some correlation function corresponding to 
maps of degree one to P . While there are certainly no maps from a smooth curve of 
genus one to P 1 , there are stable maps corresponding to curves with nodal singularities 
having a genus zero component (this is often referred to as "bubbling"). Such maps 
constitute the entire moduli space of stable maps in this case (unlike the case of maps 
of high degree, where nodal curves contribute points at the boundary of the locus 
corresponding to smooth curves). It is well-known that the two-point function of the 
local observables Ox, O2 corresponding to two-forms u\,U2 ° n P 1 such that f U{ = 1 is 
equal to 2q in this case. If we were to follow the above recipe for the computation of 
the two-point function in our deformed model literally, we would have to compute a 
correlation function of the form 

q(Oi(zi,z 1 )0 2 (z2,z 2 ) / & i +\w + ,w + )dw + dw + / ^(iw^wl&^^cx. 
Jt. Jt, 

But as we explained above, the integral will be over those points w + and w~ which 
satisfy the Abel-Jacobi condition, which in this case reads w + = w~ . Since 

as w + — > w~ , it seems that we obtain 0. 

However, if we deform the action by the term e J* s ppd 2 z, the Abel-Jacobi condition is 
relaxed, and we obtain a non-trivial integral. We will show elsewhere that this integral 
reproduces the right answer 2q when e — > 0. We hope that this is the mechanism by 
which we can "reach" the components of the moduli spaces of stable maps which cannot 
be found in the closure of the locus corresponding to smooth curves. 

3.2. Dual description of the deformed theory. 

A h B cuflejiu Ha Tpy6e. 
A ynajio, B nponajio. 
Kto ocTajica Ha Tpy6e? 6 

We have come to the key point of our construction. Let us apply the T-duality of 
Section 12.31 to the deformed theory defined by the action (|3.3f) . In the dual variables 
R, U the holomortex operators \P± become purely local operators e ±lU and so the action 
(|3.3|) becomes 

(3.4) — f d 2 z (d z UdzR + dzUd z R + irdj^ + Td z ip) + q 1/2 [ (e iU + e~ iU )^d 2 z. 

As we explained in the Introduction, this action is very similar to the action (|fl.4|) of the 
B twisted Landau-Ginzburg model with the superpotential W(Y) = q 1 ^ 2 (e tY + e~ tY ). 



A and B were sitting on a pipe. A fell, B disappeared. Who remained on the pipe? (Russian folklore 
riddle) The answer is "and", which is "i" in Russian; hence the name "I-model". 
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Unlike the Lagrangian in ()3.3)) . the Lagrangian in 1)3.4)1 is local. The equivalence of 
the two theories implies that the ^-series expansion of the instanton contributions on 
the deformed model described by 1)3.3)) . such as one given by formula <|3.2|) . now has non- 
perturbative meaning in the dual theory defined by 1)3.4)) . In this theory g 1 / 2 appears 
as the coupling constant, and if it is small, then expanding the correlation functions 
in g 1 / 2 we reproduce the g-expansion of the correlation functions of the sigma model. 
However, we can study the theory with the action 1)3.4)1 for arbitrary values of q 1 / 2 . 

Note that in the path integral definition of the correlation functions of this model we 
must integrate over the single- valued function Uq as well as over the integers mj = aj/2n 
appearing in formula 1)2. 1U|) . This leads to some non-trivial consequences. In particular, 
when S has genus greater than zero, the correlation functions involving the factor 

n n 
JJ e ~iU( W p "Q e iU( W -) 

3=1 3=1 

are non-zero only if the divisor ~~ Y2j( w 7) * s i n the kernel of the Abel-Jacobi 

map. This follows in the same way as for the toric sigma model (see Section 13.1)1 , 

Thus, the action ()3.4)) defines an intermediate model, which we call the I-model, 
between the A-model, namely, the twisted sigma model with the target P 1 in the 
infinite volume, and the B-model, namely, the twisted Landau-Ginzburg model with 
the action ((III)) . 

By the T-duality of Section 12.31 the g-perturbative I-model is equivalent to the 
A-model as a conformal field theory. On the other hand, the correlation functions 
in the BPS sector of the I-model are related to the correlation functions in the BPS 
sector of the B-model, which is the Landau-Ginzburg model with the superpotential 
W, considered in ^S], up to contact terms (in the sense discussed in jH]). Thus, we 
conclude that the correlation functions in the BPS sector of the A-model are related to 
the correlation functions in the BPS sector of the B-model Landau-Ginzburg model, 
up to contact terms. This is usually considered as the statement of mirror symmetry. 

Mathematically, this is expressed as the equality of certain generating functions of 
Gromov-Witten invariants of M (these corresponding to correlation functions in the 
sigma model deformed by the gravitational descendants) and certain oscillating inte- 
grals (these correspond to the correlation functions in a Landau-Ginzburg model). In 
general, this equivalence involves an intricate transformation on the space of coupling 
constants that is referred to as the mirror map (see JS], the recent book |19j and ref- 
erences therein for details). The reason for this transformation is that the two theories 
differ by contact terms, and this difference has to be absorbed in a transformation of 
the coupling constants (see [21] )• 

To summarize, our construction for M = P 1 (and for the more general case of a 
Fano toric variety M treated in the next section) realizes this correspondence of BPS 
correlation functions in two steps. First, we have an equivalence of two conformal field 
theories, the twisted sigma model of M (A-model) and the intermediate model defined 
by the action ()3.4)) (I-model). This means that all correlation functions that one can 
write in the A-model and the I-model are equal to each other. Second, we have a 
correspondence between the I-model to the B-model, which is more subtle: it applies 
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only to the BPS sector, and in the BPS sector the two models are equivalent only up 
to contact terms, which is the reason for non-triviality of the mirror map. We do not 
address here the issue of computing these contact terms and explicitly deriving the 
mirror map from our proposed equivalence. But in principle this can be done. We 
hope to return to this issue in a future paper. 

3.3. The supersymmetry charges. Recall that in the toric sigma model the left and 
right moving supersymmetry charges are given by the formulas 

Q = —i ip(z)p(z)dz, Q = —i ip(z)p(z)dz. 



The total supersymmetry charge Q + Q corresponds to the de Rham differential, which 
is typical for an A-model. 

After the deformation to the theory with the action (|3.3|) the supercharges change 
their form. This is due to the fact that the field Q(z) = ip(z)p(z) is no longer holomor- 
phic and the field Q(z) is no longer anti-holomorphic in the deformed theory. In fact, 
for any chiral field A(z) in a conformal field theory, after deforming the action with the 
term f <fr(z,~z)dzdz, we have the following formula (see [3*H]): 



(3.5) (dzA)(z,z) = J $(w,z)dw A(z), 

where the integral is over a small contour enclosing z. There is a similar formula for 
an anti-chiral field. 

Suppose that we have a super conformal field theory such that $ = = G-iG-i^, 
where ^ is even, Q-closed and a highest weight vector of the Virasoro algebra, i.e., 
L n ^ = L n ty = 0,n>0. Let #W be the one-form obtained by cohomological descent 
(see Section : 

= tfWcfe + V^dz = G-i^dz + G-i^dz. 
Then if A(z) = Q(z) we find that 

J ¥ 2) dwQ(z) = -d z ^\ 

Hence the new left moving supercharge is J (Qdz — Vl/i -dz). Likewise, we have 

J ^ 2) dw-Q(z) = -dgV®, 

and so the new right moving supercharge is J (Qdz — ^gdz). Thus, the total super- 
charge of the deformed theory is 



Q + Q- J 
In our case we have a deformation by 

jq 1 / 2 (Vf+^dzdz, 
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where = ^ p tttt . Therefore we find that 
Thus, the new supercharge is 

0( 5) = - i /(^-^( e .;p_ e -.;p)^). 

Similarly, we obtain that after the deformation the supercharge Q becomes 

In the I-model, these supercharges look as follows: 

Q( q ) = -i j tyd g Udz - q 1/2 {e iU - e~ iU ) Wdz^j , 

5M = - i /(?^* + ^(^-.-*) ri ,) : 

Let us compute the cohomology of the right moving supercharge Q(q) on the Hilbert 
space of our theory. This Hilbert space is defined in Section 15,21 We will show in 
Section E3] that the cohomology of the resulting complex coincides with the the coho- 
mology of a complex considered by L. Borisov [2] and F. Malikov and V. Schechtman 
in j2£]. Its cohomology was shown in (2^1 to be equal to the quantum cohomology of 
P 1 . The corresponding cohomology classes may be represented by 1 and e lU + e~ tU . 

On the other hand, according to |34l I2U| . the cohomology of the operator Q(q) 
in the perturbative regime (without instanton corrections) should coincide with the 
cohomology of the chiral de Rham complex of P 1 . To obtain this result, we need 
to consider a certain degeneration of the above complex, which corresponds to the 
perturbative regime of the theory. For that we introduce two parameters t\,pi such 
that t\t2 = q, and write t\e %u — t2e~ tU instead of q l l 2 (e %u — e~ lU ). In the perturbative 
regime we have t\^ti ^ 0, but their product, which is q, becomes equal to 0. In other 
words, we should work over C[t\, ^/(^l^)- This corresponds to allowing only degree 
zero maps S — > P 1 . Such maps can pass through or oo, but not through both of 
them. 

We will show in Section that the cohomology of the degenerate complex coincides 
with the cohomology of a complex introduced in [I] (see also |25j), Borisov showed in 
jl] that its cohomology is precisely the cohomology of the chiral de Rham complex of 
P . Therefore we find an agreement with the prediction of (341 12U| . Our computation 
explains the meaning of the somewhat mysterious computation of [1J from the point 
of view of the sigma model, with and without instanton corrections. 

3.4. A sample computation of correlation functions. Here we show how to re- 
produce the simplest one-instanton calculation of the A-model (the sigma model with 
the target P 1 ) in the framework of the I-model defined by action 1)3. 4 J) . 

Let u>i,i = 1,2,3, be three two-forms on P 1 representing the second cohomology 
class. We will assume that they are invariant under the [/(l)-action on P 1 with the 
fixed points and oo. We identify P 1 \{0, oo} with C/2-7riZ via the exponential map 
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and use the coordinates R and 4> on C/2-7riZ = lx z(M/27rZ) as before. With respect to 
these coordinates, these forms may be written as u^ = fi{R)dXdX , where X = R + i<f>. 
The local operators corresponding to the two-forms u>i in the A-model are 

Ui = fi(R)tpip. 

Consider the case when the worldsheet £ has genus zero. The simplest non-trivial 
correlation function in the A-model is 



3 

(cDicD2a} 3 ) P i = q TT / 



Ui 



Let us show how to reproduce this answer in the I-model. 

In the I-model the operators cDj are given by the same formula as above (since R 
makes sense in the dual theory), hence their correlation function expanded in powers 
of q is the correlation of the free field theory defined by the action (|2.12|) given by the 
formula 



(3.6) (DiD 2 £ 3 exp (V /2 J (e iU + e^irw) ] 



oo 



~n 



= E wx* (J - tU ™) (J *- iU ™ 

We have already explained above that, due to the charge conservation, for the corre- 
lation function to be non-zero the number of insertions of e lU has to be equal to the 
number of insertions of e~ lU . This explains why in the above formula we consider only 
the contributions corresponding to equal numbers of insertions. 

Next, we count the ghost number. The chiral ghost number of each of the operators 
Ui is one, due to the presence of the fermion ifi. Hence the contribution of the operators 
Ui to the chiral ghost number is 3, and likewise for the anti-chiral ghost number. The 
conservation law in genus zero is that the total chiral number and the anti-chiral ghost 
number should be equal to 1. Hence to get a non-zero correlation function we must 
insert two chiral fermions tt and two anti-chiral fermions W. This means that the only 
non-zero term in the sum ()3.6|) is the term with n = 1, and the coefficient in front of it 
is precisely q. 

Thus, it remains to show that in the free field theory with the action (|2.12|) we have 

3/1 /l 3/1 

(3.7) (JJwi(zi,z,) / e iU 7tlfdw-dw- / e - iU TrWdw + dw + ) = JJ / 

i=\ ^ ^ i=i 

In the correlation function appearing in the left hand side of this formula we have fixed 
the points Z\,z%, z% and we are integrating over the points w~ and w + the (1, l)-forms 
G-iG-i ■ e ±tU . By using the Ward identities in the standard way (see [SSI EH!)! we 
can "swap" the operators and the integrals from the variables w~ and w + to 

any two of the three variables zi,Z2 3 z$, say, z\ and Z2, fix the position of the remaining 
point Z3, say z% = oo, and fix the positions of w~,w + . We find that 

G-iGLi • Qi = fi(R)d z RdzRdzdz. 
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The fermionic part of the correlation function becomes equal to 1, and the bosonic 
part is given by the integral 

(3.8) J d 2 Xd 2 z 1 d 2 z 2 (f 1 (R(z 1 ,z 1 ))f 2 (R(z 2 ,z 2 ))f 3 (R(z 3 )) 

xa zi i?(z 1 )^ 1 i?(z 1 )a z2J R(z 2 )^ 2J R(z 2 )e il/ ^")e- il/ ^ + )) 

(the integral over d 2 X is the integral over the zero mode). But we have the following 
OPE: 

R(z,z)e TiU ^ ~ iloglz-ur^e* 1 ^. 

Hence 

d z R(z)dzR(z)e TiU ^ ~ \z - w^e^^. 

Therefore the term d z R(z)dz-R(~z) in the correlation function (j3.8j) may be replaced by 
| [z— w + )/(z— w~)\, which is the Jacobian of the map z i— ► log c(z— w + )/{z— w~). Thus, 
the integrals over z\ and z 2 correspond to the integrals of u% and oj 2 over P , while the 
integral over the zero mode corresponds to the integral of uj%. We find that the integral 
(|3.8I) is equal to the right hand side of (|3.7[) . as desired. Note that in this computation 
we have in effect "localized" on the holomorphic maps £ —* P 1 corresponding to the 
meromorphic functions c(z — w + )/{z — w~), where c is a scalar. 

4. General toric varieties 

4.1. Recollections on toric varieties. Let us recall the combinatorial data involved 
in the definition of smooth compact toric varieties, following (see also |28j). 

Let A be a lattice of rank d and A be the dual lattice. We set Ar = A <S>z 
Ac = A®zC. For k > 1 a convex subset a C Ar is called a regular /j-dimensional cone 
if it is generated by a subset of a basis of A, i.e., 

a = R> (vi)i =1 = ^Y^ciiVi | Oj G M> | , 

where {ui, . . . , u^} is a subset of A that can be extended to a basis. The O-dimensional 
regular cone is by definition the origin € Ar. A subcone a' of cr generated by a subset 
of {t)j}| =1 is called a face of u. In this case we use the notation a' < a. 

A finite collection S = {cij}^ 1 is called a complete regular fan if the following 
conditions are satisfied: 

(1) if a G S and a' < a, then o' G 5; 

(2) if cr, cr' G S, then cr n a' < a and cr n a' < a'. 

(3) A R = (Xi^- 

For example, let A be the d-dimensional lattice generated by v±, . . . ,Vd- Set v<i+i = 
~Yli=i v i- For any subset I C {1, . . . , d + 1}, let cr/ = M>o(uj)je/. Then 5(d) = 
{ a i}ic{i,...,d+i} i s a complete regular fan. 

One associates a toric variety to a fan £ as follows. To each cone a G S we assign 
the dual cone in A, 

a = {A G A | (A, u) > 0,V« G cr}, 
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and the affine variety A CT = SpecC[<r]. It is clear that if a' < a, then we have a natural 
inclusion A CT > A CT /. This allows us to glue the varieties A a ,a £ S, into a projective 
variety P5, which is the toric variety associated to 5. 

For example, the variety associated to the fan S(d) is the projective variety P d . 

In particular, we have an open dense subvariety of P5, 

T 5 = A {0} = SpecC[A] ~ SpecC^ 1 ]^ = (C x ) d . 

Here Xi,i = 1, . . . , d, are coordinates on T5 corresponding to a basis {ei, . . . , e^} of A 
that is dual to a basis {e±, . . . , ed} of A that we fix once and for all. Note that any 
element A = Y2i=i a «^« gives rise to a monomial function ]X =1 x^' on T$ which we 
denote by fa. 

In a basis independent way we can say that Tg is the algebraic torus, whose lattices 
of characters T5 — » C x and cocharacters C x — ► Tg are canonically identified with A 
and A, respectively. 

Let cr(l), . . . , o*(JV) be the set of all one-dimensional cones in S. Each such cone a(i) 
has a canonical generator v(i) G A that can be completed to a basis of A. The varieties 
^ct(i))* = 1, • • • ,iV provide a covering of the toric variety P5 by open dense subsets. 
By definition, the ring of functions on A a ^ is the span of all monomials fa, where 
(A, v(i)) > 0. The complement of T5 in A CT ^ is the divisor Cj in the latter whose ideal 
is the span of the monomials fa, where (A, v(i)) > 0. It is clear that the closures C{ of 
these divisors are the irreducible components of the complement of Tg in P<j. 

For instance, in the case of P d , the one-dimensional cones are a(i) = M.>QVi,i = 
1, . . . , d + 1, and so v(i) = V{. Therefore the varieties A CT (j) are the subvarieties of F d , 
where all but the ith homogeneous components are non-zero. The divisor Cj consists 
of points in which the ith homogeneous component is equal to 0. 

4.2. The toric sigma model. Let us fix a smooth compact toric variety P5 corre- 
sponding to a fan S. We will assume that P5 is a fano variety. In fact, our construction 
can be applied to more general toric varieties; however, in the case of toric varieties 
that are not Fano the connection between the deformed model that we define below and 
the A-model of P5 is more subtle. We have indicated some of the underlying reasons 
for this in Section f3.ll 

The first step of our construction is to define the toric sigma model with the target 

Ts^Cxy^Specqxf 1 ]?^. 

This model is just the tensor product of d independent copies of the toric sigma model 
of C x described in Section |2~T1 We will use the logarithmic coordinates AQ, i = 1, . . . , d, 

on (C x ) d ~ Ac/2niA, such that x\ = e Xi . Thus, we have the fields X 1 ,pi,ijj l ,7Tj and 
their complex conjugates X 1 , pj, 1ft' 1 , ttj . 

For any element A = Yli=i a i&i S A we have fields X^ = Y^t=i a iX l and X X = 
J2i=i a iX % , whereas for any element A = Ya=i ^* e « £ A we have fields p\ = Y^=i ^iPi 

and p x = Yli=ibiPi- We define the fermions G A, and tt\ , W\ , A G A in the 

same way. 
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The action of the toric sigma model is given by the formula 

(4.1) h\ 1 f z (p^ xl + K i dj^ L +p- i d z x l + T<- l d z f 

The theory has N = (2, 2) superconformal symmetry. The corresponding generators 
are the sums of the generators in the C x toric sigma model given by formula (|2.6|) . 

As in the one-dimensional case, explained in Section [2.21 we find that the fields X % 
may have non-trivial winding. The winding numbers take values in the lattice A. For 
each A E A we introduce the corresponding holomortex operators 

^>x(z,z) = e~ l f Px = exp ( —i I (p\(w)dw + p x {w)dw) 



They have the following OPE with the fields and X^: 

X^z^xi^w) = (ft, A) log(« - w)^ x (w,W), 
X^{z)^ x {w,w) = </t,A) log(z-w)^ x (w,w). 

The prescription for the computation of correlation functions of these operators is the 
same as in the one-dimensional case (see Section [2.2(1 . 

Next, we define the T-dual theory of the Tg-toric sigma model. This is an ordinary 
sigma model with the target being the partially dualized torus 

t s = A R xi(A R /2vrA), 

equipped with the Minkowski metric, which is the product of d copies of the Minkowski 
metric introduced in Section \'2.'dl Note that this metric is canonically defined precisely 
because the the lattices A and A are dual to each other. 

In the dual theory the bosonic fields are Ui and R' 1 , i = 1, . . . , d, and the fermionic 
fields are the same as in the toric sigma model. The action is as in (|2.12|) : 

(4.2) i = 2-J^d 2 z (d z UjChRi + dzUjdzRi + ^drf + ^d z ^) . 

The transformation formulas for the bosonic fields of the two models are 

Pi{z) = d z Ui(z,z), p-(z) = dzUi(z,z), 

\{X\z)+x\z))=R i {z,z). 
The holomortex operators = e~ l f Px have a simple realization in the dual variables: 



where we set U\ = Yli=i biUi for A = Yli=i ^ e i- 
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4.3. Changing the target from Tg to Pg. We wish to describe the non-linear sigma 
model with the target toric variety P5 as a deformation of the toric sigma model with 
the target torus T5. We follow the same idea as in the case of P 1 explained in Section 03 
Recall from Section f4. II that the complement of Tg in P5 is a divisor, whose irreducible 
components Cj,j = l,...,N, are naturally parameterized by the one-dimensional cones 
dj in S generated by G A. A generic holomorphic map : £ — > P5 takes values 
in T5 C P5 for all but finitely many points, and at the special points it takes values in 
the open part Cj of the divisor Cj, introduced in Section I4~T1 for some j = 1, . . . , N. 

(i) 

Let us denote the points of £ where <3? takes values in d by wY ,j = l,...,mj. 

We propose to include such maps by inserting in the correlation functions the holo- 
mortex operators ^ v ^(w^\w^) introduced in the previous section. Recall that 

Clearly, these operators are Q-closed. Hence we find the following formula for the 
two- form cohomological descendant field of ^> v ^(w,w): 

(2) 

Now observe that the lattice of all relations between the generators v(j),j = 1, . . . , N, 
of one-dimensional cones in S is generated by N — d linearly independent relations 

JV 

^2 a iMj)=0, i = l,...,N -d, 

i=i 

where we choose the a^-'s to be integers that are relatively prime. 
Let us introduce parameters tj, j = 1, . . . , N, and set 

N 

(4.3) Vi = H t ? i > i = l,...,N-d. 

3=1 

As in the case of P , the type A twisted sigma model with the target P5 in the 
infinite volume is then described by the deformation of the toric sigma model by 

JV 

tj j W v (j)n v (j)W v (j)dwdw. 



E 



Note that the tj's can be redefined by changing the normalization of the operators 
^(j)) but this will not affect the parameters % given by formula (]4.3[) . Therefore the 
qiS are the true parameters of the theory, and they correspond precisely to the Kahler 
classes on P5, as explained in pQ. 

For example, if P5 = F d , then we have 

^v(j)K v (j)Tf v (j) = e'^^KjTfj, j = 1, • • • ,d, 



v(d+l)^v{d+l)^v(d+l) 
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and there is only one parameter q = YYj=\ t 



l j ■ 



4.4. The I—model. Finally, we apply the T-duality to the action of the deformed toric 
sigma model. The operators ^ v (j) are now written as e~ lUv ^ , and so the action takes 
the form 

(4.4) J d 2 z (dJJjdgB? + &zU j d z H? + TTjd^P + 7Tjd z ^ + J Wd 2 z, 

where 

JV 

w = J2 t i e ~ iUvU)7r v(j) w vuy 

i=i 

For example, if P5 = P rf , then we have 
d 

W = J2 <J ( '' z i~J + Wie iE ^ =1 Uj 



=1 




The action ()4.4() defines the I-model for a general toric variety P5. As in the case of 
P , the action (|4.4|) should be compared to the action of the Landau-Ginzburg model 
with the superpotential 



N 

(4.5) ^ = E*i 



-iY„y) 



Here Y v {j) is a chiral superfield which is a linear combination of d independent chiral 
superfields Yk, k = 1, . . . , d, defined by the formula Y v u^ = Ylk=i bijYk, where v(j) = 
Ylt=ibij e k- We recognize in formula ()4.5|) the superpotential of the type B twisted 
Landau-Ginzburg model that is mirror dual to the type A sigma model with the target 
P5 considered in |18j . 

As we explained in the case of P 1 , this suggests that mirror symmetry can be realized 
in two steps. The first step is the equivalence of the twisted sigma model of P5 (A- 
model), described as a deformation of a free field theory, and the intermediate model 
defined by the action (|4.4|) (I-model), as conformal field theories. The second step is a 
correspondence between the I-model to the B-model, which is more subtle: it applies 
only to the BPS sector, and in the BPS sector the two models are equivalent only up 
to contact terms. 

We hope that further study of the I-model and its connections with the A-model on 
the one hand and the B-model on the other hand will help us understand more fully 
the nature of mirror symmetry. 



4.5. Supercharges. Let us compute the supersymmetry charges of the I-model. Fol- 
lowing the same computation as in Section [3.3[ we find the following formulas for the 
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left and right moving supercharges: 




It is interesting to compute the cohomologies of the right moving supercharge Q{q). 
As in the case of P 1 , we will find in Section 15.41 that these cohomologies coincide with 
the cohomologies of a complex constructed in . It was shown in [23] that in the 

case of P n this cohomology coincides with the quantum cohomology of P™. We expect 
the same to be true for more general toric Fano varieties. (In fact, it follows from the 
results of that the cohomology of the total supercharge Q + Q is isomorphic to the 
quantum cohomology of Pg.) On the other hand, the cohomology of a degeneration of 
this complex was computed in [3], and it gives the cohomology of the chiral de Rham 
complex of P5. This agrees with the prediction of 34"| I20| . 



5. Operator formalism 

In this section we discuss the operator content of the toric sigma models introduced in 
the previous sections, the T-duality transform and the deformed models. For simplicity 
we will mostly treat the case of the target C x as the general case is very similar. The 
algebraic object that we define (we call it the "Hilbert space" of the theory) obeys the 
axioms of a vertex algebra mixing chiral and anti-chiral sectors, similar to the ones 
defined by A. Kapustin and D. Orlov in 21^ who considered the case of sigma models 
of the torii in the finite volume. In particular, we define a state-field correspondence 
assigning to every state of the Hilbert space an operator depending on z,z acting on 
the Hilbert space. Thus, the toric sigma models and their T-dual models studied in 
this paper provide us with new examples of vertex algebras in which chiral and anti- 
chiral sectors are non-trivially mixed. While there is a vast mathematical literature on 
the subject of chiral algebras, examples of mixed vertex algebras have not been widely 
discussed in the mathematical literature so far. Actually, it is expected that the vertex 
algebras that occur in the study of mirror symmetry are for the most part of this sort, 
with the chiral and anti-chiral sectors entangled in a non-trivial way. Therefore we 
believe that algebraic study of such vertex algebras is important. 

At the end of this section we will compute the chiral algebra of the I-model and the 
cohomology of the right moving supercharge, making a connection with the results of 

mug. 

5.1. Hilbert space and state- field correspondence in the toric sigma model. 

We collect all the ingredients found in Section |2] and define the Hilbert space and the 
state-field correspondence of the toric sigma model. 
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Let us write 



X(z) 


= LO log Z + 


X(z) 


= LO log Z + 


p(z) 


= ^2PnZ~ 






p(z) 









^^X n z n , 



and let T m be the operator satisfying 

[oJ,T m ] = mT m 

and commuting with the X^s and PnS. Note that we also have the following commu- 
tation relations: 

niPm\ — i$n,—mi 
\Pn,Pm] = [X n ,X m ] = 0, 

and lo commutes with all p n 's and X n 's. We also have similar formulas for the compo- 
nents of the anti-chiral fields. 

Consider the Heisenberg algebras generated by X n ,p n ,n G Z, and X n ,p n ,n G Z, 
respectively. For 7 G C, let 9" 7 (resp., 3 r 7 ) be the Fock representation of the Heisenberg 
algebra generated by a vector annihilated by X n ,n > 0,p m ,m > (resp., X n ,n > 
0,p m ,m > 0) and on which ipo (resp., ip ) acts by multiplication by 7. Since the 
imaginary part of X(z) is periodic, the eigenvalues of i(po — p ) are quantized to be 
integers. This is exactly the condition that we obtained in Section 12.21 The operator 
lo is also quantized and has to take integer eigenvalues, called the winding numbers. 

The Fock representation 3 a (resp., 3 a ) on which u acts by multiplication bymSZ 
will be denoted & a ,m (resp., 3" a , m ). We denote by \a,n) (resp., |a,m)) its generating 
vector. 

The big bosonic Hilbert space of the theory is the direct product of the tensor 
products of the left and right moving Fock representations 

(5.1) <F (r 

where r, m G Z and a runs over a subset of C. There are different choices for this 
subset which is determined by what type of functions of the zero mode Rq of the field 
R(z,z) = (X(z) +~X(z))/2 we wish to allow. 

One possibility is to restrict ourselves to the subset of a G iM. C C. This is compatible 
with the structure of the Hilbert space in the sigma model at the finite radius yi and 
corresponds to restricting ourselves to the L2 functions of the zero mode. This choice 
is natural from the point of view of the latter model because it can itself be obtained 
as the sigma model with the target torus of radii \ft and r in the limit when r — > 00. 

But this is not the only way to treat the toric sigma model. Indeed, we will consider 
it as a degeneration of the sigma model with the target P 1 (in the infinite volume limit). 
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Therefore another natural choice for the class of functions of the zero mode is the space 
of polynomial functions in e ±R °. In fact, it is natural to consider all rational functions 
on P 1 which are regular on C x , that is polynomials in e ±x °, as well as their complex 
conjugates, polynomials in e ±x ° . Choosing this space is equivalent to demanding that 
a be in the set Z C C. In the subsequent sections we will define a deformation of 
the toric sigma model which is equivalent to the A-model of P 1 (that is the type A 
twisted sigma model with the target P 1 in the infinite volume). The operators in this 
theory will be obtained by restriction to C x from operators defined on the entire P 1 . 
While there are no regular functions on P 1 other than constant functions, there will be 
composite operators depending on X(z) as well as p(z) that are well-defined, such as 
the normally ordered products :e^ x ^ z 'p{z):. 

Thus, we see that there are different choices for the subset of a's which we may 
include in our Hilbert space. However, from the purely algebraic point of view, the 
state-field correspondence that we will now describe works equally well for any of these 
choices. Therefore in the rest of this subsection we will consider the direct product of 
the Fock spaces (|5.1[) with arbitrary complex values of a. 

The state-field correspondence that we describe now gives us the structure of a vertex 
algebra combining holomorphic and anti-holomorphic sections, in the sense of [25- Note 
that just like in the case of sigma models on the torii that was considered in (2^) we 
cannot separate the holomorphic and anti-holomorphic sectors of this vertex algebra. 

The key point is the assignment of a field to the state |0,m) tg> |0,m). We assign to 
it the field e~ m f p given by the formula 



where T m is the translation operator that shifts the winding number by m and com- 
mutes with all other operators. Note that the operator i(po — p ) has only integer 
eigenvalues on the Hilbert space of the theory, so this formula is well-defined. 
This field has the following OPE with X(z): 




X(z)e- im I p (w,w) = m log(z - w) e - im / p (w, w), 



and similarly with X(z). 

Next, we define the field corresponding to the state 



| (r + a) /2, m) <g> | (-r + a)/2, m) 



as the normally ordered product 
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where 

Jr+a)X(z)/2+(-r+a)X(z)/2 def 



Z\ru>/2 

b(r+a)/2,(-r+a)/2 exp 



\ n^O n^O / 



Here Sf r + a )/2,(~r+a)/2 is the translation operator 

3" (r'+a')/2,m ® 9" (-r'+a')/2,m — * 9~ (r+r'+a+a')/2,m ® ^ (-r-r'+a+a')/2,m- 

Note that since lo has only integer eigenvalues, this formula is well-defined. 

Finally, the fields corresponding to other states in the Fock representation 9>+a m ® 
9"-r+«,m are constructed as the normally ordered products of the fields defined above 
and the fields d z X(z),p(z), dzX(z),p(z), under the usual assignment: 

X n ~ j\.d- n X{z), n<0; Pn ^ 1 d;^ p ( z ), n<0. 

( — n)l {—n — 1)\ 

This completes the description of the bosonic part of the Hilbert space of the theory. 
Now we describe the fermionic part. Let us write 

i>{ Z ) = £ 4> n Z~ n , TT(Z) = «nZ- n -\ 

and similarly for the anti-chiral fields. The operator product expansions give us the 
following anti-commutation relations: 

Kn,Vvl+ = -iS n - m , [7r n ,7r m ] + = [ip n ,ip m } + = 0, 

and similarly for the components of the anti-chiral fields. Consider the Clifford algebra 
generated by ip n ,ir n ,n S Z (resp., ip n ,W n ,n £ Z) and let Uf erm (resp., 3"f er m) be the 
fermionic Fock space representation of this algebra generated by a vector annihilated 
by ip n ,n > 0,7r m ,m > (resp., ip n ,n > 0,W m ,m > 0). The fermionic Hilbert space is 
^ferm® ^ferm- The total Hilbert space of the theory is the tensor product of the bosonic 
and fermionic spaces. 

5.2. T— duality, operator formalism. Next, we discuss the duality transformation 
from the operator point of view. The operator content of the toric sigma model is 
described in the previous section. Let is now describe the operator content of the T- 
dual free bosonic field theory given by the action (|2.11|) . The equations of motion imply 
that the fields U and R are harmonic, so we can write 

R(z,z) = R + log \z\p R + V ^z~ n + V ^z~ n , 

^-^ n n 

U(z,z) = U + log \z\ Pu - l -u log £ + V ^z~ n + V ^z- n . 

The OPEs of these fields are of the form 

R(z,z)U(w,w) = Hog \z — w\ + :R(z,z)U(w,w): . 
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The Fourier coefficients of these fields satisfy the following commutation relations 

i 

[Rni U m ~\ — —Tldn —im [Rni ^m] — [^Tl> ^m] — 0, 
1 

[R n ,U m ] = —ndn^—jn, [R n , R m ] = [U n ,U m ] = 0, 

and 

[Ro,Pu] = -i, [Uo,Pn}=i- 
All other commutators are equal to zero. Because U is periodic, the momentum opera- 
tor is quantized and takes only integer values, whereas pjj can take arbitrary values. 
Also, the winding operator ui is quantized and takes only integer values. 

The Hilbert space of the theory is built from Fock representations of the Heisenberg 
algebra generated by the coefficients in the expansions of R and U. For (3 G C and r,m £ 
Z, let 9>3 m be the Fock representation generated by a vector \r,/3,m) annihilated by 
R n , U n , R n , U n ,n > 0, and on which p^ and pu act by multiplication by m and by j3, 
respectively, and u> acts by multiplication by r. 

Introduce the following translation operators, which map generating vectors to gen- 
erating vectors and commute with the operators R n ,U n , R n , U n , ti/0: 



e PRo . 


3>',/3',m' " 




e imUo . 




~~ > 9~ r' ,f3,m'+m 


e rSo : 


&r',P',m' ~ 


— > 3~ r'+r,/9',m' • 



The state-field correspondence is defined as follows. The field corresponding to the 
vector \r,/3,m) is given by the normally ordered product 

(5_3) . e f3R{z,z) e imU(z,z) e rR(z,z) . 

where 



J3R(z,z) _ e /3-Ro| z |/3pfl. ex p 



"E^-"+/?E^"h 



n , n 



imU(z,z) = p vmU 0] ^impu (Z_\ m ^l 2 . ^ [ V- -f m E2I~ 



exp I im — z j- m / — z 



e rR( Z , z) = e rR . ^ / £ - r £ 

The other fields are obtained in the standard way as normally ordered products of the 
field l|5.MJI and the derivatives of R and U, under the rule 

" (-n-l)! ^"^ 1 ^' ^ " (-n-l)! ^'^' 
^ " ( _ ra 1 _i )! ^" W ^^)» ^ " ( _ n _i )! ^ n ^^)> 
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for n < 0. 

The isomorphism between the Hilbert spaces of the two theories is given by the 
following transformation of the generating fields: 

(5.4) ±(X(z)+X(z))^R(z,z), 

(5.5) p(z) i-> d z U(z,z), p(z) (-»• dzU(z,z), 

(5.6) l -(X{z)-X(z))^R(z,z). 

The field R{z,~z) is non-local with respect to R(z,z), namely, R(z,~z) = R-{z) — R + (~z), 
where R± are the holomorphic and anti-holomorphic parts of R(z,z) = R—(z) +i?+(z) 
defined by the formulas 

(5.7) = 1 -{R Q +p R \ogz) + ^~ n > 

R + (z) = \{Rt + PR \ogz) + Y 

where = Rq =f Ro- 

More precisely, at the level of the operators appearing as the coefficients in the 
expansions of these fields we have the following transformation: 

2 — 2 — 

X n i— > —R n - X n i— ► —R n , n ^ 0, 
n n 

Pn^-Un, Pn^- U n, U ^ 0, 

i(X + X ) ^ ifo, - To) ^ i?o, 

(Po +Po) ^PU, 

Thus we see that this transformation exchanges the momentum and the winding, as 
expected in T-duality. The isomorphism between the two Hilbert spaces is given by 

Sending 3 r+ct^m ^ ^~ — r+o,m fo 3~r,a,m,' 

The fermionic Hilbert spaces are the same in the two theories. Hence we obtain an 
isomorphism of the full Hilbert spaces of the two T-dual theories. 

5.3. Chiral algebra of the I— model. In Section f3, 21 we defined the deformed model 
with the action (j3,3[) . which should be equivalent to the A-model of P . The corre- 
sponding T-dual model is the I-model, which is a deformation of the theory discussed 
in the previous section. The action of this theory is given by formula 1)3.4(1 . and for a 
more general toric variety P5 it is given by formula (|4.4|) . In this section we will deter- 
mine the chiral algebra of integrals of motion of this theory in the sense of |35[ 11 2 j . In 
this context, the I-model is analogous of the conformal A n Toda field theory, in which 
the chiral algebra is the W n -algebra (see (HI E] ) ■ We will show that the chiral algebra 
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in the I-model corresponding to a toric variety P5 is isomorphic to the space of global 
sections of the chiral de Rham complex of P«j. In order to do this, we will identify the 
complex whose zeroth cohomology is this chiral algebra with the complex introduced 
by Borisov in 4 j. The cohomology of this complex is isomorphic to the cohomology 
of the chiral de Rham complex of P5, as shown in [3]. Thus, the I-model provides a 
natural link between Borisov's complex, and hence the chiral de Rham complex of P5, 
and the sigma model of P5. 

Consider first the case of P . The action of the I-model given by formula 1)3.4(1 is 
obtained by deforming the action ()2.12() of the free conformal field theory using the 
operators q l / 2 e %u iiif and q 1 / 2 e~ lV irW. According to formula 1)3. 5|) . for any chiral field 
A{z) of the free field theory, we have in the I-model 

(c^A)(z,z) = q 1/2 [ e iU{w ^7r(w)W(z)dw • A(z) + q 1/2 [ e- iU{w ^7r(w)T(z)dw • A{z). 



Therefore the chiral algebra of the I-model is equal to the intersection of the kernels 
of the operators J e ±lU ( w ' zS, 7r(w)w(z)dw on the chiral algebra V of the free theory. 
The chiral algebra of the free conformal field theory is given by the direct sum 

(5.8) ^ = 0^ h r , O ^ferm. 

Here 3^ is the chiral sector of the Fock representation 3> jri o introduced in Section 15^21 
The corresponding chiral fields are normally ordered products of d z U(z),d z R(z) and 
their derivatives, as well as the fields e 2rR -( 2 ) ; where R- is given by formula (|5.7|) . The 
chiral fermionic fields corresponding to vectors in the chiral fermionic Fock represen- 
tation 3~f erm introduced in Section l5~T1 are normally ordered products of ip(z), n(z) and 
their derivatives. 

We need to find the intersection of the kernels of the operators J e :izlU ^ w ' z ^7r(w)7f(z)dw 
on V. 

Let us write U(w,w) = U-(w) + U+(w), where 



U + (w) = ~(U + P+ \ogw) + Y, V^"' 

and pfj = pu db itD. Then it is clear that the kernel of the operator 

3 ±iU ^^7r{w)W{z)dw = e ±iU +^7f{z) j e ±iU -^7r{w)dw 

on V is equal to the kernel of the operator 

S± = J e ±lU - (w) Tr(w)dw. 

This allows us to express the chiral algebra of the I-model purely in terms of modules 
over a free chiral superalgebra, as we now explain. 
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Consider the Heisenberg-Clifford superalgebra with the generators A n , B n , <& n , n 
G Z, and relations 

[B n , A m ] = nSn-mt [*n> *m]+ = K-m, 

with all other super-commutators being zero. Let F a j, be the Fock representation of 
this algebra generated by a vector \a,b) which is annihilated by all generators with 
n > and such that 

Ao\a, b) = a\a, b), Bo\a,b) = b\a,b), 1 $>o\a,b)=0. 

The direct sum ® a fegZ F a ^ is a chiral algebra. In particular, the field corresponding to 
the vector \a, 0) is given by the standard formulas 



e aJ A(z)dz = exp apA + aAolQgz _ a ^2^L 




Let us identify the above chiral algebra with our chiral algebra by the formula 

A n i ^ -iU n , B n i ^ 2i? n , n / 0, 

V>n, ^n, n € Z. 

Then our chiral algebra V given by formula (|5.8|) becomes Fq : , = © beZ -Fo,^ and the 
above operators 5± become the operators 

(5.9) S± = ~ i S e±JA{z)dZ ^( z ) dz : F o,. -> ^±1,.- 

Thus, we obtain that the chiral algebra of the I-model is the intersection of the kernels 
of the operators S + and S- on i*b,«- 

Now let us compare this with the results of [I] (see also ^7] ) . In that paper a complex 
C" is constructed such that C° = Fq : ,, and C n = F nj .©F_ nj ., where F nj . = © bgZ F n ^. 
The differential is d = S + + S- , where S± : F n .. — > F n ±\ j9 is given by formula ()5.9|) . if 
±n > and is equal to otherwise. It is proved in jlj that the nth cohomology of this 
complex is isomorphic to the nth cohomology of the chiral de Rham complex of P . 
The latter vanishes for n / 0, 1, and the 0th and 1st cohomology may be described as 
modules over the affine Kac- Moody algebra SI2 of level (see Remark 15. II below) . 

Now we see that this complex, after a change of variables, naturally appears in 
the context of the I-model, and hence the A-model of P , as anticipated in [1]. In 
particular, we find that the 0th cohomology of the chiral de Rham complex of P 1 is 
isomorphic to the chiral algebra of the I-model, and hence to the chiral algebra of the 
A— model associated to P 1 (in the infinite volume limit). 

The operators S± are analogues of the screening operators familiar from the theory 
of W-algebras (see (El El ) • It is clear from the above formula that they are residues of 
fermionic fields. Screening operators of this type have been considered by B. Feigin 

The generalization of the above computation to the case of the I-model associated 
to a toric variety P5 is straightforward. Using a change of variables similar to the one 
explained above, we relate the chiral algebra of the I-model associated to F$ to the 0th 
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cohomology of a complex constructed in 0] . According to [3J , the cohomologies of this 
complex are isomorphic to the cohomologies of the chiral de Rham complex of Pg. In 
particular, we find that the chiral algebra of the I-model associated to P5 is isomorphic 
to the Oth cohomology of the chiral de Rham complex of P5. 

Remark 5.1. The toric sigma model carries a chiral 5I2 symmetry with level 0, with the 
generating currents given by the formulas 

J±( z ) = :(p( z ) ± 4,{z)Tr(z))e ±x ^: , J°{z) = -ip(z). 

These formulas can be obtained by a change of variables from the formulas found in 
QDj . which constitute a special case of the Wakimoto free field realization. There is also 
an anti-chiral copy of 5I2, with the anti-chiral currents given by similar formulas. The 
above chiral fields commute with the screening operators and therefore survive in the 
deformed theory, and hence we obtain that the A-model of P 1 carries an SI2 symmetry. 
It corresponds to the natural action of the Lie algebra 5(2 on P . One can check that 
these currents are Q(g)-exact, where Q(q) is the right supercharge discussed in the 
next section. □ 

5.4. Cohomology of the right moving supercharge. Now we wish to compute 
the cohomology of the right moving supercharge of the I-model and its degeneration. 
Consider the case of P . Recall from Section [3. 31 that the right moving supercharge of 
the I-model is given by the formula 

Q( q ) = J (^dzUdz + q 1 ' 2 (e iU - e~ iU ) ndz 

and in the T-dual variables by 

Q( q ) = J (^pdz + q 1 ' 2 (yl p - e~ l / p ) irdz^j 

(we omit the factor of —i which is inessential for the computation of cohomology). We 
wish to compute the cohomology of this operator on the Hilbert space "K of our theory 
that was described in Section 15.11 As the space of functions of the zero mode of the 
bosonic fields X, X we will take the space of all smooth functions on C x . 

We will compute the cohomology of Q(q) by utilizing a spectral sequence corre- 
sponding to a Z-bigrading on (we note that our computation is similar in spirit 
to the computation in [22] )• The only non-zero degrees are assigned to the fermionic 
generators: 

deg*0 n = -deg7f n = (1,0), deg7r n = -deg-^n = (0,1). 

Then the first summand of the differential Q(q) has degree (1,0), while the second 
summand has degree (0,1). Using the additional Z-gradings by the eigenvalues of 
the Lq and Lq operators, it is easy to see that the corresponding spectral sequence 
converges. The zeroth differential is 
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Clearly, it affects only the part of the complex which is generated by p n , X n ,tp n ,T n . All 
non-zero modes of these operators cancel out in the cohomology, and the cohomology 
reduces to the cohomology of the operator ipQp on the zero mode part of the complex. 
This operator is the Dolbeault d operator, and its cohomology is the space of holo- 
morphic functions on C x in degree zero, and the other cohomology vanishes. In the 
computation that follows we will replace this space by the space of Laurent polynomial 
functions on C x . This will not affect the cohomologies. 

Thus, we obtain that the first term of the spectral sequence is given (in the variables 
of the I-model) by the direct sum 

where 9>J. m is the chiral sector of the Fock representation 2r rrm introduced in the 
previous section. The cohomological gradation corresponds to the fermionic charge 
operator. The differential is given by the formula 

d = q 1 ' 2 j (e lU - e~ iU ) ndz. 

To relate this complex to the complex considered in [3J [2^j , we make the change of 
variables from the previous section. Then the complex becomes 

Cq — CD F m ,r 

with the differential d = q l / 2 S+ — q 1 l 2 S~, where S± are the screening operators from 
the previous section. Thus, as a vector space, this complex coincides with the complex 
C* from the previous section, but the differential is different. Indeed, the differential 
on C was given by formula S + — S- (up to inessential factors), but by definition S+ 
acted non-trivially on F mr with vfi ^ 0, and by on F m ^ r with ttl <C 0, whereas S— 
acted non-trivially on F mr with m < 0, and by on F mr with m > 0. In contrast, 
now the differential is defined in such a way that both S+ and S- act non-trivially on 
F mr with an arbitrary integer m. In particular, the cohomological gradation on C* 
introduced in the previous section is now well-defined only mod 2. 

This new complex is therefore a deformation of the complex C, which was previously 
considered in [IJ . It was shown in [^S] that its cohomology is isomorphic to the 
quantum cohomology of P 1 (so it is commutative as a chiral algebra). The cohomology 
is therefore two-dimensional, and as representatives of two independent cohomology 
classes we can take the identity operator and the operator q 1 ^ 2 (e tU + e~ tU ), familiar 
from the Landau-Ginzburg theory. 

But what about the complex C* considered in the previous section? Following [H I25j . 
we can interpret it as a a certain limit of the complex C* when q — > 0. To this end, 
let us redefine the term F m ^ of the complex by multiplying it with gl m l/ 2 . Then the 
differential g 1 / 2 ^, when acting fr om F m ^ r to Fffi^x ttl ^ 0, will become *5*-f-, but when 
acting from F rn ^ r to F m+ i^ r , m < 0, it will become qS + , and so will vanish when q = 0. 
Likewise, g ,1 / 2 5_, when acting from F m ^ r to F m _i jr ,m < 0, will become but when 
acting from F m ^ T to F m _i )T ., m > 0, it will become qS-, and so will vanish when q = 0. 
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Thus, when q = the complex C q will degenerate into the complex C* considered in 
the previous section. Hence its cohomology will become isomorphic to the cohomology 
of the chiral de Rham complex of P 1 (and so will become much bigger). 

The degenerate complex makes perfect sense as the complex computing the coho- 
mology of the right moving supercharge in the perturbative regime, i.e., without the 
instanton corrections. Indeed, in the perturbative regime we consider maps £ — > P 1 
which either pass through or through oo, but not through both points. We achieve 
this effect by rescaling the terms of the complex as described above. According to 
|34| I20| . we should expect that the cohomology of the right moving supercharge of the 
A-model of P 1 (which is equivalent to the I-model) is isomorphic to the cohomology of 
the chiral de Rham complex of P . The above computation confirms this assertion. In 
addition, we have also obtained the cohomology of the right moving supercharge with 
the instanton corrections and found it to be isomorphic to the quantum cohomology of 
P 1 , using the results of |HI55]. 

To summarize, we have a family of complexes C q depending on a complex parameter 
q. When q ^ the cohomology is two-dimensional and is isomorphic to the quantum 
cohomology of P 1 , and when q = the cohomology is isomorphic to the cohomology of 
the chiral de Rham complex of P 1 . Note that we also have a residual action of the left 
moving supercharge on this cohomology. For q ^ it simply acts by zero, and so the 
cohomology of the total supercharge is the quantum cohomology of P 1 as expected in 
the A-model of P . If q = 0, then it is known (see j25]) that the cohomology will be 
the ordinary (not quantum) cohomology of P 1 . 

This pattern holds for other Fano toric varieties. Indeed, we can show in the same 
way as above that for such a variety P5 the cohomology of the right moving super- 
charge of the I-model introduced in Section F4.5I is computed by a complex isomorphic 
to the one introduced in [HES]- The differential obtained from the supercharges of Sec- 
tion coincides with the differential of [UEE]- I* 1 fact, we have a family of complexes 
parameterized by the Kahler cone of P5. According to J2H]> m the case when P5 = P" 
its cohomology is isomorphic to the quantum cohomology of P". We expect the same 
to be true for general Fano toric varieties. This is confirmed by the computation in 
|25j (which uses the results of pQ) which shows that the cohomology of the total su- 
percharge is isomorphic to the quantum cohomology of P5. Moreover, the cohomology 
classes are represented by the elements of the gradient ring of the superpotential W of 
the I-model. This is what we expect to be true in the I-model of P5, which should be 
equivalent to the A-model of ¥$■ 

In the limit when the parameters of our complex tend to zero, our complex degener- 
ates. The cohomology of the degenerate complex was shown in jl] to be isomorphic to 
the cohomology of the chiral de Rham complex of P5 . This is again in agreement with 
the assertion of [3HI2U] . 

References 

[1] V. Batyrev, Quantum cohomology rings of toric varieties, Asterisque 218 (1993) 9-34. 

[2] L. Baulieu, A. Losev, N. Nekrasov, Target space symmetries in topological theories I, Journal of 

High Energy Phys. 02 (2002) 021. 
[3] L. Baulieu and I. Singer, The topological sigma model, Comm. Math. Phys. 125 (1989) 227-237. 



MIRROR SYMMETRY IN TWO STEPS: A-I-B 



19 



[4] L. Borisov, Vertex algebras and mirror symmetry, Comm. Math. Phys. 215 (2001) 517-557. 
[5] S. Cecotti and C. Vafa, On classification of N = 2 supersymmetric theories, Comm. Math. Phys. 
158 (1993) 569. 

[6] S. Cordes, G. Moore and S. Ramgoolam, Lectures on 2D Yang-Mills theory, equivariant cohomology 
and topological field theory, in Geometries fluctuantes en mecanique statistique et en theorie des 
champs (Les Houches, 1994), pp. 505-682, North-Holland, Amsterdam, 1996. 

[7] T. Eguchi, K. Hori and S.-K. Yang, Topological sigma models and large N matrix integrals, Int. J. 
Mod. Phys. A10 (1995) 4203. 

[8] V. Fateev and S. Lukyanov, The models of two-dimensional conformal quantum field theory with 
Z n symmetry, Int. J. Mod. Phys. A3 (1988) 507-520. 

[9] B. Feigin, Super quantum groups and the algebra of screenings for sh algebra, RIMS Preprint. 
[10] B. Feigin and E. Frenkel, Representations of affine Kac-Moody algebras, bosonization and resolu- 
tions, Lett. Math. Phys. 19 (1990) 307-317. 
[11] B. Feigin and E. Frenkel, Semi-infinite Weil complex and the Virasoro algebra, Comm. Math. Phys. 
137 (1991) 617-639. 

[12] B. Feigin, E. Frenkel, Integrals of motion and quantum groups, in Proceedings of the C.I.M.E. 

School Integrable Systems and Quantum Groups, Italy, June 1993, Lect. Notes in Math. 1620, 

Springer, 1995 (hep-th/9310022 ). 
[13] P. Fendley and K. Intriligator, Scattering and thermodynamics in integrable N — 2 theories, Nucl. 

Phys. 380 (1992) 265-292. 
[14] E. Frenkel and D. Ben-Zvi, Vertex Algebras and Algebraic Curves, Mathematical Surveys and 

Monographs 88, Second Edition, AMS, 2004. 
[15] D. Friedan, E. Martinec and S. Shenker, Conformal invariance, supersymmetry and string theory, 

Nuclear Phys. B271 (1986) 93-165. 
[16] A. Givental, Homological geometry and mirror symmetry, in Proceedings of ICM, Zurich 1994, pp. 

472-480, Birkhauser 1995; A mirror theorem for toric complete intersections, in Topological field 

theory, primitive forms and related topics (Kyoto, 1996), eds. M. Kashiwara, e.a., pp. 141-175, 

Progr. Math. 160, Birkhauser, Boston, 1998. 
[17] V. Gorbounov, F. Malikov and V. Schechtman, Twisted chiral de Rham algebras on P 1 , MPI 

Preprint (2001) 

[18] K. Hori and Vafa, Mirror symmetry, Preprint hep-th/0002222 

[19] K. Hori, S. Katz, A. Klemm, R. Pandharipande, R. Thomas, C. Vafa, R. Vakil and E. Zaslow, 

Mirror symmetry, Clay Mathematics Monographs, vol. 1, AMS 2004. 
[20] A. Kapustin, Chiral de Rham complex and the half-twisted sigma-model, Preprint hep-th/0504074 
[21] A. Kapustin and D. Orlov, Vertex algebras, mirror symmetry, and D-branes: the case of complex 

tori, Comm. Math. Phys. 233 (2003) 79-136. 
[22] A. Losev, Hodge strings and elements of K. Saito's theory of primitive form, in Topological field 

theory, primitive forms and related topics (Kyoto, 1996), eds. M. Kashiwara, e.a., pp. 305-335, 

Progr. Math. 160, Birkhauser, 1998 jhep-th/980TT79) . 
[23] A. Losev, A. Marshakov and A. Zeitlin, On first order formalism in string theory, Preprint 

|hep-th/0510065| 

[24] A. Losev, N. Nekrasov and S. Shatashvili, The freckled instantons, in The many faces of the 
superworld, pp. 453-475, World Sci. Publishing, 2000 (hep-th/9908204). 

[25] F. Malikov and V. Schechtman, Deformations of chiral algebras and quantum cohomology of toric 
varieties, Comm. Math. Phys. 234 (2003) 77-100. 

[26] F. Malikov, V. Schechtman and A. Vaintrob, Chiral de Rham complex, Comm. Math. Phys. 204 
(1999) 439-473. 

[27] A. Polyakov, Quark confinement and topology of gauge groups, Nucl. Phys. 120 (1977) 429. 
[28] C. Voisin, Mirror symmetry, SFM/AMS Texts and Monographs, vol. 1, AMS 1999. 
[29] E. Witten, Topological sigma models, Comm. Math. Phys. 118 (1988) 411-449. 
[30] E. Witten, Two-dimensional gravity and intersection theory on moduli space, in Surveys in Diff. 
Geom., vol. 1, pp. 243-310, Lehigh Univ., Bethlehem, PA, 1991. 



50 



EDWARD FRENKEL AND ANDREI LOSEV 



[31] E. Witten, Mirror manifolds and topological field theory, in Essays on Mirror manifolds, Ed. S.-T. 

Yau, pp. 120-158, International Press 1992. 
[32] E. Witten, On the Landau- Ginzburg description of N — 2 minimal models, Int. J. Mod. Phys. A9 

(1994) 4783-4800. 

[33] E. Witten, Chern-Simons gauge theory as a string theory, in The Floer memorial volume, pp. 

637-678, Progr. Math. 133 Birkhauser, 1995 (hep-th/9207094). 
[34] E. Witten, Two-Dimensional Models With (0,2) Super symmetry: Perturbative Aspects, Preprint 

|hep-th/0504078l 

[35] A. Zamolodchikov, Integrable field theory from conformal field theory, in Integrable systems in 
quantum field theory and statistical mechanics, pp. 641-674, Adv. Stud. Pure Math. 19, Academic 
Press, 1989. 

[36] B. Zwiebach, Closed String Field Theory: Quantum Action and the BV Master Equation, Nucl. 
Phys. B390 (1993) 33-152. 

Department of Mathematics, University of California, Berkeley, CA 94720, USA 

Institute of Theoretical and Experimental Physics, B. Cheremushkinskaya 25, Moscow 
117259, Russia 



